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Design under uncertainty 

“solum certum  

nihil esse certi” 

 

 

u  Modern optimization problems are characterized by an imperfect knowledge of the design 
environment  

u  Coping in an efficient way with uncertainty represents a key issue 

Plinius the old,  
Naturalis Historiæ, 77 d.C 
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Uncertainty in control systems: Robust control 

u  In the modern control era, control engineers have started dealing explicitely with uncertainty 

u  The idea of robust control has been playing a fundamental role 

u  A robust controller garantees performance satisfaction for all possible values of the uncertainty 
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Robust control 

u  In the modern control era, control engineers have started dealing explicitely with uncertainty 

u  The idea of robust control became fundamental 

u  A robust controller garantees performance satisfaction for all possible values of the uncertainty 

u  Or, said differently, the controller is designed to cope with  

      the worst-case scenario 

u  The resulting design will be inevitably conservative 

u  This is a pessimistic viewpoint 
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An optimistic viewpoint to control: probabilistic robustness 

“don’t assume the worst-case scenario: it’s 
emotionally draining and probably won’t 
happen anyway” 

u  [Tempo, Bai, FD(1997), Calafiore, Campi(2006), Campi,Garatti(2008), 
Calafiore, FD, Tempo(2011)]  

u  Probabilistic robustness guarantees that the solution is viable (feasible) 
in most cases 

u  In systems & control terms, this translates in accepting some risk that the 
performance may be violated  

u  Howewer, the probabilistic formulation is in general even harder 

u  The main tool: randomized algorithms 

Roberto Tempo 
CNR IEIIT 



Optimization under uncertainty: 
the chance constraints set 
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Optimization under uncertainty 

u  Consider an uncertain optimization problem, which amounts at minimizing a linear function 
under uncertain constraints  

u  Robust optimization (RO) 

 

u  Chance-constrained optimization (CCO) 

 

 

  the parameter    is called the violation probability "
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The problem: CCO with linear inequalities 

u  For simplicity, we will deal here  with a set of       uncertain linear inequalities  

u  with 

u  Due to the random nature of the uncertainty each realization of    corresponds to a 
different set of linear inequalities, giving raise to a corresponding set 
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The chance constrained set  

u  The probability of violation of a given design    is 

u  The chance constrained set of probability     is defined as 

u  Notice that we consider here joint chance constraints, as opposite to individual chance 
constraints of the form 
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The chance constrained set  

u  The               is in general nonconvex 
[Shapiro, Dentcheva, and Ruszczynski(2014)]  
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Our problem 

Probabilistic scaling CCS approximation 12 

Problem (              approximation) Given the set of linear inequalities           
 
 
and a violation parameter ε, find an inner approximation of the set   
The approximation should be:  
i)  simple enough 
ii)  easily computable  
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Motivations (from systems and control) 

u  Why are we interested in directly approximating the CSS? 

u  Stochastic Model Predictive Control: in SMPC we need to solve – online, and so very fast – 
iterative optimization problems 

u  We can reformulate the problem in such a way that, at each step, we solve a problem with 
different cost functions (depending on your current state) subject to the same CSS 

u  If we have “nice” approximations of CSS, we can have efficient algorithms 

u  Probabilistic set-membership identification: in SMI the goal is to identify the set of systems 
parameters which are compatible with the measurements (the so-called feasible set) 

u  In probabilistic SMI, we look for a probabilistic description of the feasibile set under probabilistic 
assumptions on the noise 

u  The probabilistic feasible set is exactly a CSS 

u  … 

Probabilistic scaling CCS approximation 13 



Approaches to CCO 

14 
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Approaches to CCO 

u  Chance constrained optimization 

u  Exact techniques: special cases where               is convex and CCO problem admits a unique solution  

u  individual chance constraints with     Gaussian [Kataoka(1963)]  

u  log-concave distribution [Prékopa(1995), Prékopa(1971)]  

u  Robust techniques: deterministic conditions to construct a set  

u  Chebyshev-like inequalities [Hewing and Zeilinger(2018), Yan et al.(2018)] 

u  Robust optimization [Ben-Tal and Nemirovski(1998), Nemirovski and Shapiro(2006)]  

u  Conditional Value at Risk (CVaR) [Chen et al.(2010)] 

u  Polynomial moments relaxations [Jasour et al.(2015), Lasserre(2017)] 

u  Sample-based methods 

u  discussed next… 
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Geng Xinbo, Xie Le, “Data-driven decision making in power systems with probabilistic guarantees: Theory and applications of chance-constrained optimization”, Ann. Reviews in Control 
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Sample-based techniques: scenario approach 

u  We have N iid samples of the uncertainty 

u  To each sample we associate the following sampled set (scenario) 

u  The scenario approach considers the CCO problem and approximates its solution through 
the following scenario problem  
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Violation probability of scenario 

u  If J is convex, we have that  

u  In a sense, we are approximating the               by the N-sampled set  

u  But, the probabilistic property above holds only for the optimum       of the scenario program  
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Problem: sample-based approximations of CCS 

u  The results of SO are valid only for the optimal solution, that is we know that  

      but we don’t know the N-sampled set is a good approximation of the              , i.e. if  

u  Again, this is exactly the problem addressed in this talk: 
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Problem (              approximation) Given the set of linear inequalities           
 
 
and a violation parameter ε, find an inner approximation of the set   
The approximation should be: i) simple enough, ii) easily computable  
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approximations of CCS  
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Learning-theory bound for CCS 
u  Given probabilistic levels                                              if                    , with  

u  then 
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SMPC for automated rendezvous 

u  We consider systems of the form 

u  Our sample-based approach guarantees robust feasibility, aymptotic convergence in 
probability, efficient online implementation 

u  The approach is successfully applied to the development of flyable SMPC schemes for 
automated rendezvous and proximity operations between spacecraft 

 

xk+1 = A(qk)xk +B(qk)uk +Bw(qk)wk
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SMPC for automated rendezvous 

u  The developed techniques were tested on a testbed at NPS 

VICON System  

Motion Capture Cameras 

Chaser FSS	

Target FSS	

Polished Granite Monolith	

Naval Postgraduate School, 
Monterey, CA 
POSEIDYN Air Bearing Testbed 
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LT approximations – pro and cons 

u  The LT approaches based on sampled approximations have proved very effective 

u  In SMPC, the possibility of performing the “heavy” computations offline allowed to derive 
computationally efficient implementations 

u  Also, one can perform ofline “constraint pruning” to lower the number of constraints 

u  However, in general, the number of constraints which we have to deal with may still be 
prohibitive 

u  even for a moderately sized MPC problem with 5 states, 2 inputs, prediction horizon T = 10, simple 
interval constraints on states and inputs, and for probabilistic parameters ε = 0.05, δ = 10−6, we 
get more than 1.6 million linear inequalities (before pruning) 

 

u  We would like to have a method which is ”tunable”, depending on our computational 
power 

u  This method we propose is based on probabilistic scaling 



Probabilistic scaling  



Erice, May 2022 Probabilistic scaling CCS approximation 27 

Probabilistic scaling 

u  AIM: to approximate the 

 

u  IDEA: start with simple approximating sets (Scalable SAS)  

u  We scale the set so that it constitutes a good approximation of the CCS 

u  That is, we look for an optimal scaling factor      so that     
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Probabilistic scaling 

u  Assume a Scalable SAS          is available 

u  We propose a sample-based procedure: we assume that        iid samples from          are 
available  

u  Based on these, we show how to obtain a scalar    such that  
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Scaling factor 

Probabilistic scaling CCS approximation 29 

Definition (Scaling factor): Given a Scalable SAS          , with center       and shape    , 
we define the scaling factor of          relative to the realization                as 
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Probabilistic scaling computation 

F.Dabbene - Sampling-based methods for control of uncertain systems 30 
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Candidate SAS: Sampled-polytope 
 
u  The first natural candidate is clearly an N-sampled set 

u  Draw        design samples                                          and build  

u  However, in this case, the number    is not given by the LT bound, but it is a design 
parameter 

u  We could choose       as the number of constraints compatible with our computational power 

u  E.g., in SMPC, it could be the number of constraints we can process online in one step  

u  The center of the set may be chosen as the Chebichev center (or the analytic center in 
case of linear inequalities) 

32 

<latexit sha1_base64="7oF6VkMExuACH4Pta5ta+CwAk/w="></latexit>

XNS =
NS\

j=1

X(w̃(j))

<latexit sha1_base64="iz1GH+dqIoETt8h1fJU0nf3snvw="></latexit>

{w̃(1), . . . , w̃(NS)}

<latexit sha1_base64="k8+W9wJdgba1fMmPaHgTyYPFKsA="></latexit>

NS

<latexit sha1_base64="k8+W9wJdgba1fMmPaHgTyYPFKsA="></latexit>

NS

<latexit sha1_base64="k8+W9wJdgba1fMmPaHgTyYPFKsA="></latexit>

NS



Erice, May 2022 

Example 
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Probabilistic scaling approximation of the  
 
Scaling procedure applied to a sampled-polytope 
with 
 
Initial set is depicted in red, the scaled in green  
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Example 
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Probabilistic scaling approximation of the  
 
Scaling procedure applied to a sampled-polytope 
with 
 
Initial set is depicted in red, the scaled in green  
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Example 
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Probabilistic scaling approximation of the  
 
Approximation obtained by direct application of 
the LT bound (52,044 linear inequalities)  
 
Note that, in this case, to avoid out-of-memory errors, 
a pruning procedure was necessary  
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Candidate SAS:     -norm based sets 

u  We define norm-based SAS of the form  

   where         is the unit ball in the     -norm in       with               and                       is a shape matrix  
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    -norm based sets – scaling factor computation `p
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Construction of a candidate     -norm based set  
 
u  We can start again from a (design) N-sampled set 

u  We compute the largest    norm-based set contained in 

u  This problem is equivalent to  

Probabilistic scaling CCS approximation 38 
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       SAS 

Probabilistic scaling CCS approximation 39 
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        SAS 
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Application: UAV SMPC tracking control 

u  The selected application involves a fixed-wing UAV performing a monitoring mission over a 
sloped Dolcetto vineyard at Carpeneto, Alessandria, Italy (44◦40′55.6′′N, 8◦37′28.1′
′E) 

u  The main objective is to provide proper control capabilities to the UAV to guarantee a fixed 
relative altitude with respect to the terrain of 150 m while following the desired optimal path 
defined by the guidance algorithm  
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Simulation: UAV SMPC tracking control 

u  Prediction horizon T=15  

u  Offline-sampling approach: 20,604 constraints 

u  1-norm based approach: 107 constraints 
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Thank you 
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A simple but interesting example 

u  Suppose that we generate N random linear 
constraints tangent to points drawn from a 
uniform probability distribution on the surface of 
the unit hypersphere 

u  Suppose that the unit hypersphere constitutes 
an initial approximation  

u  It is possible to scale this initial geometry around 
its center (the origin) to obtain an inner 
approximation                                 of       with a 
given level of confidence 

u  However, this scaling scheme will always provide 
as a result the unit hypersphere  

u  On the other hand, the true       for                   is 
larger             
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Enlargement factor 

u  For this simple case, the radius corresponding to the CCS can be computed in an exact 
way using some transcendental functions 

u  The resulting radius turns out to be significantly larger than one 
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Pack-based strategies 

u  We show that a better scaling may be computed using pack-based 
strategies 
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u  The idea is illustrated in the figure 

u  The linear constraints divide the plane into 
regions with different number of violated 
constraints 

u  We notice that larger scale factors can be 
obtained if one scales the unit-circle until it 
touches the green regions.  

u  More generally, if only regions in which more 
than a given number of constraints are violated 
are considered, then larger scale factors could 
be contemplated.  

u  However, this approach has to be designed in 
such a way that probabilistic guarantees are 
given 
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Pack-based strategies 

u  Pack-based strategies proved very powerful, but with a significative increase in 
computational cost 

u  This is not surprising, since we are aiming at approximating an NP-hard problem 

u  We have a “nice” tradeoff between conservativeness/computational cost 
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