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Can you predict if and how fast 
your model-fitting algorithm will converge?
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Optimal solution     has nice properties 
under noise model, e.g.                              

General purpose: Rate of estimation 
measured in terms of sample size 
and model geometry around     .✓⇤
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Optimality guarantees: Minimax 
lower bounds and information theory

Largely successful in convex optimization approaches to M-estimation: 
Decoupling statistics from optimization

Iterative algorithms to converge to 

Efficiency of method: #iterations to 
get     -close (typically upper bounds 
under convexity/smoothness notions)

Optimality guarantees: Oracle 
complexity lower bounds over worst-
case family of loss functions

"
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M-estimation in supervised learning

Rd
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Do worst case efficiency estimates reflect performance in 
model-fitting problems with random data?

Smale ’83 Hoare ’62 Spielman & Tang ’04 

Q1

Can we provide exact efficiency estimates in random 
ensembles of optimization problems?Q2

Is there hope of developing a parallel understanding for 
nonconvex problems? 

Q3
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Agarwal, Negahban, Wainwright ’12 

Worst-case efficiency guarantees 
pessimistic

Different convergence rates 
depending on problem size: 
“Larger problems are 
harder” (but theory does not 
capture this phenomenon)

n = 2500
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Sparsity

Illustration 1: Projected gradient descent on L1 constrained 
quadratic programming with standard Gaussian covariates

yi = hxi,✓
⇤i+ ✏i

k✓⇤k0 = k, k✓⇤k2 = 1
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yi = hxi,✓
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k✓⇤k0 = k, k✓⇤k2 = 1
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Daskalakis, Tzamos, Zampetakis ’17 Balakrishnan, Wainwright, Yu ’17 

Non-convex optimization 
problem but parameter 
estimation possible

Gradient EM and EM 
exhibit different 
convergence behavior but 
common analysis tool 
“cannot capture distinction”

Illustration 2: Expectation maximization algorithms on 
symmetric Gaussian mixture

xi ⇠
1

2
N(✓⇤, I) +

1

2
N(�✓⇤, I)
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yi = hxi,✓
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k✓⇤k0 = k, k✓⇤k2 = 1
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This talk

• General-purpose, iterate-by-iterate predictions of solution quality if:
• Each iteration of algorithm is solution to convex program*
• Data in optimization problem is suitably Gaussian (i.e. Gaussian 

conditioned on past iterations)
• Distinguishes convergent behavior from otherwise
• Upper and lower bounds on convergence rates and exact error floor

• Rigorous comparisons between iterative model-fitting methods
• Not just by comparing upper bounds on efficiency!
• Want to answer the following questions in nonconvex problems:
• Does the algorithm converge (to a statistically useful 

neighborhood) from a given initialization?
• Does the algorithm converge globally, from a random initialization?
• How fast does the algorithm converge?

Desiderata



AMP and first-order algorithms

General-purpose
analysis tool: 

Population-based

Complementary views: Landscape analysis, properties of loss function verified w.h.p.

Specific settings, typically asymptotic

Applies under weaker randomness conditions

Other sharp predictions



Gershberg/Saxton/Fienup ’70s-’80s Netrapalli, Kwon et al. ’12-’17Zhang et al. ’17 
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xi ⇠ N(0, Id)
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Running example: Phase retrieval with a real signal

Model

Rn(✓) =
1

n

nX

i=1

(yi � |hxi,✓i|)2
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MLE: Minimizer of nonconvex loss

“Subgradient” method

✓t+1 = ✓t � ⌘rRn(✓t)

= ✓t �
2⌘

n

nX

i=1

(|hxi,✓ti|� yi) · sign(hxi,✓ti) · xi
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Sample-splitting: Fresh data                                 in each iteration(X,y) 2 Rn⇥d ⇥ Rn
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⇤ = n/d
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Algorithms

✏i = N(0,�2)
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Alternating projections

✓t+1 = arg min
✓2Rd

1

n
·

nX

i=1

(yi � sign(hxi,✓ti) · hxi,✓i)2

=

 
1

n

nX

i=1

xix
>
i

!�1 
1

n

nX

i=1

sign(hxi,✓ti) · xiyi

!

<latexit sha1_base64="zOnO3CiXgjC7lA9jZk0vOtSTzfw="></latexit>

Candes et al. ’15 

> 1

<latexit sha1_base64="yjkCWRTycMl5iOHb17Ocy5e0vDw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPVwTr1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6sX9eaV2k8dRhCM4hlPw4BJqcAd1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx9WIo0v</latexit>



yi = |hxi,✓
⇤i|+ ✏i, i = 1, 2, . . .

<latexit sha1_base64="g0GnfcQA/pGVFoWBUTxUlZtoDzM="></latexit>

xi ⇠ N(0, Id)

<latexit sha1_base64="ESQD9ftvRpeTRWK13dpDLi16tlk=">AAACHnicbVDLSsNAFJ34rPUVdelmsAgVpCTSosuiG91IBfuAJoTJZNIOnTyYmYgl5Evc+CtuXCgiuNK/cZJ2UVsPDHM491zuvceNGRXSMH60peWV1bX10kZ5c2t7Z1ff2++IKOGYtHHEIt5zkSCMhqQtqWSkF3OCApeRrju6yuvdB8IFjcJ7OY6JHaBBSH2KkVSSozcsN2KeGAfqSx8zh0JL0ABaAZJD4ae3WdU4hbOem8zxThy9YtSMAnCRmFNSAVO0HP3L8iKcBCSUmCEh+qYRSztFXFLMSFa2EkFihEdoQPqKhiggwk6L8zJ4rBQP+hFXL5SwUGc7UhSIfDvlLNaer+Xif7V+Iv0LO6VhnEgS4skgP2FQRjDPCnqUEyzZWBGEOVW7QjxEHGGpEi2rEMz5kxdJ56xm1muNu3qleTmNowQOwRGoAhOcgya4Bi3QBhg8gRfwBt61Z+1V+9A+J9YlbdpzAP5A+/4F+pii/g==</latexit>

k✓⇤k2 = 1

<latexit sha1_base64="/NUAlnV8dufweNvjRqbOzMW5ltY=">AAACCnicbVC7SgNBFJ2NrxhfUUub0SCIRdgNEW2EoI1lBPOAbFxmZ2eTIbMPZu4KYZPaxl+xsVDE1i+w82+cJFto4oFhDufcy733uLHgCkzz28gtLa+sruXXCxubW9s7xd29pooSSVmDRiKSbZcoJnjIGsBBsHYsGQlcwVru4Hritx6YVDwK72AYs25AeiH3OSWgJad4aI+w7UbCU8NAf6kNfQZkfH+K7ZFTwZfYcools2xOgReJlZESylB3il+2F9EkYCFQQZTqWGYM3ZRI4FSwccFOFIsJHZAe62gakoCpbjo9ZYyPteJhP5L6hYCn6u+OlARqsqquDAj01bw3Ef/zOgn4F92Uh3ECLKSzQX4iMER4kgv2uGQUxFATQiXXu2LaJ5JQ0OkVdAjW/MmLpFkpW9Xy2W21VLvK4sijA3SETpCFzlEN3aA6aiCKHtEzekVvxpPxYrwbH7PSnJH17KM/MD5/ANeTmbE=</latexit>

Running example: Phase retrieval with a real signal

Model

Rn(✓) =
1

n

nX

i=1

(yi � |hxi,✓i|)2

<latexit sha1_base64="4WNKtV5b3O3yyGA5/hAsrttl2WY="></latexit>

MLE: Minimizer of nonconvex loss

“Subgradient” method

✓t+1 = ✓t � ⌘rRn(✓t)

= ✓t �
2⌘

n

nX

i=1

(|hxi,✓ti|� yi) · sign(hxi,✓ti) · xi

<latexit sha1_base64="9t7oCgq/a7ZptTX6LJ6pQ4jkml8="></latexit>

Sample-splitting: Fresh data                                 in each iteration(X,y) 2 Rn⇥d ⇥ Rn

<latexit sha1_base64="w+XCA09w4Rk9YVRc2/tLyGoLTF0="></latexit>

⇤ = n/d

<latexit sha1_base64="4lm31ko/2Dou8tk3/M3LXEwgkYI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVzWRim6EohsXLirYB7ShTCaTduhkEmYmQg39EjcuFHHrp7jzb5y2WWjrgYHDOedy7xw/4Uxpx/m2Ciura+sbxc3S1vbObtne22+pOJWENknMY9nxsaKcCdrUTHPaSSTFkc9p2x/dTP32I5WKxeJBjxPqRXggWMgI1kbq2+XenQkHGF0hgU5R0LcrTtWZAS0TNycVyNHo21+9ICZpRIUmHCvVdZ1EexmWmhFOJ6VeqmiCyQgPaNdQgSOqvGx2+AQdGyVAYSzNExrN1N8TGY6UGke+SUZYD9WiNxX/87qpDi+9jIkk1VSQ+aIw5UjHaNoCCpikRPOxIZhIZm5FZIglJtp0VTIluItfXiats6pbq57f1yr167yOIhzCEZyACxdQh1toQBMIpPAMr/BmPVkv1rv1MY8WrHzmAP7A+vwBbEqRpA==</latexit>

Algorithms

✏i = N(0,�2)

<latexit sha1_base64="Pdsa2pj/wGVSZETGYGYXGZIzxHw=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AVKkiZKRXdCEU3rqSCvUCnlkyaaUOTzJBkhDL0Bdz4Km5cKOLWvTvfxnQ6C63+EPj4zznknN+PGFXacb6s3MLi0vJKfrWwtr6xuWVv7zRVGEtMGjhkoWz7SBFGBWloqhlpR5Ig7jPS8keX03rrnkhFQ3GrxxHpcjQQNKAYaWP17AOPRIoygxSeQ48jPVRBcj0pOcfQU3TA0V3lqGcXnbKTCv4FN4MiyFTv2Z9eP8QxJ0JjhpTquE6kuwmSmmJGJgUvViRCeIQGpGNQIE5UN0mvmcBD4/RhEErzhIap+3MiQVypMfdNZ7rufG1q/lfrxDo46yZURLEmAs8+CmIGdQin0cA+lQRrNjaAsKRmV4iHSCKsTYAFE4I7f/JfaFbKbrV8clMt1i6yOPJgD+yDEnDBKaiBK1AHDYDBA3gCL+DVerSerTfrfdaas7KZXfBL1sc3pgqapQ==</latexit>

Alternating projections

✓t+1 = arg min
✓2Rd

1

n
·

nX

i=1

(yi � sign(hxi,✓ti) · hxi,✓i)2

=

 
1

n

nX

i=1

xix
>
i

!�1 
1

n

nX

i=1

sign(hxi,✓ti) · xiyi

!

<latexit sha1_base64="zOnO3CiXgjC7lA9jZk0vOtSTzfw="></latexit>

> 1

<latexit sha1_base64="yjkCWRTycMl5iOHb17Ocy5e0vDw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPVwTr1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6sX9eaV2k8dRhCM4hlPw4BJqcAd1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx9WIo0v</latexit>

Chen and Candes ’17 Mondelli and Venkataramanan ’20Mondelli and Montanari ’18 Maillard et al. ’20 



yi = |hxi,✓
⇤i|+ ✏i, i = 1, 2, . . .

<latexit sha1_base64="g0GnfcQA/pGVFoWBUTxUlZtoDzM="></latexit>

xi ⇠ N(0, Id)

<latexit sha1_base64="ESQD9ftvRpeTRWK13dpDLi16tlk=">AAACHnicbVDLSsNAFJ34rPUVdelmsAgVpCTSosuiG91IBfuAJoTJZNIOnTyYmYgl5Evc+CtuXCgiuNK/cZJ2UVsPDHM491zuvceNGRXSMH60peWV1bX10kZ5c2t7Z1ff2++IKOGYtHHEIt5zkSCMhqQtqWSkF3OCApeRrju6yuvdB8IFjcJ7OY6JHaBBSH2KkVSSozcsN2KeGAfqSx8zh0JL0ABaAZJD4ae3WdU4hbOem8zxThy9YtSMAnCRmFNSAVO0HP3L8iKcBCSUmCEh+qYRSztFXFLMSFa2EkFihEdoQPqKhiggwk6L8zJ4rBQP+hFXL5SwUGc7UhSIfDvlLNaer+Xif7V+Iv0LO6VhnEgS4skgP2FQRjDPCnqUEyzZWBGEOVW7QjxEHGGpEi2rEMz5kxdJ56xm1muNu3qleTmNowQOwRGoAhOcgya4Bi3QBhg8gRfwBt61Z+1V+9A+J9YlbdpzAP5A+/4F+pii/g==</latexit>

k✓⇤k2 = 1

<latexit sha1_base64="/NUAlnV8dufweNvjRqbOzMW5ltY=">AAACCnicbVC7SgNBFJ2NrxhfUUub0SCIRdgNEW2EoI1lBPOAbFxmZ2eTIbMPZu4KYZPaxl+xsVDE1i+w82+cJFto4oFhDufcy733uLHgCkzz28gtLa+sruXXCxubW9s7xd29pooSSVmDRiKSbZcoJnjIGsBBsHYsGQlcwVru4Hritx6YVDwK72AYs25AeiH3OSWgJad4aI+w7UbCU8NAf6kNfQZkfH+K7ZFTwZfYcools2xOgReJlZESylB3il+2F9EkYCFQQZTqWGYM3ZRI4FSwccFOFIsJHZAe62gakoCpbjo9ZYyPteJhP5L6hYCn6u+OlARqsqquDAj01bw3Ef/zOgn4F92Uh3ECLKSzQX4iMER4kgv2uGQUxFATQiXXu2LaJ5JQ0OkVdAjW/MmLpFkpW9Xy2W21VLvK4sijA3SETpCFzlEN3aA6aiCKHtEzekVvxpPxYrwbH7PSnJH17KM/MD5/ANeTmbE=</latexit>

Running example: Phase retrieval with a real signal

Model

Rn(✓) =
1

n

nX

i=1

(yi � |hxi,✓i|)2

<latexit sha1_base64="4WNKtV5b3O3yyGA5/hAsrttl2WY="></latexit>

MLE: Minimizer of nonconvex loss

“Subgradient” method

✓t+1 = ✓t � ⌘rRn(✓t)

= ✓t �
2⌘

n

nX

i=1

(|hxi,✓ti|� yi) · sign(hxi,✓ti) · xi

<latexit sha1_base64="9t7oCgq/a7ZptTX6LJ6pQ4jkml8="></latexit>

Sample-splitting: Fresh data                                 in each iteration(X,y) 2 Rn⇥d ⇥ Rn

<latexit sha1_base64="w+XCA09w4Rk9YVRc2/tLyGoLTF0="></latexit>

⇤ = n/d

<latexit sha1_base64="4lm31ko/2Dou8tk3/M3LXEwgkYI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVzWRim6EohsXLirYB7ShTCaTduhkEmYmQg39EjcuFHHrp7jzb5y2WWjrgYHDOedy7xw/4Uxpx/m2Ciura+sbxc3S1vbObtne22+pOJWENknMY9nxsaKcCdrUTHPaSSTFkc9p2x/dTP32I5WKxeJBjxPqRXggWMgI1kbq2+XenQkHGF0hgU5R0LcrTtWZAS0TNycVyNHo21+9ICZpRIUmHCvVdZ1EexmWmhFOJ6VeqmiCyQgPaNdQgSOqvGx2+AQdGyVAYSzNExrN1N8TGY6UGke+SUZYD9WiNxX/87qpDi+9jIkk1VSQ+aIw5UjHaNoCCpikRPOxIZhIZm5FZIglJtp0VTIluItfXiats6pbq57f1yr167yOIhzCEZyACxdQh1toQBMIpPAMr/BmPVkv1rv1MY8WrHzmAP7A+vwBbEqRpA==</latexit>

Algorithms

✏i = N(0,�2)

<latexit sha1_base64="Pdsa2pj/wGVSZETGYGYXGZIzxHw=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AVKkiZKRXdCEU3rqSCvUCnlkyaaUOTzJBkhDL0Bdz4Km5cKOLWvTvfxnQ6C63+EPj4zznknN+PGFXacb6s3MLi0vJKfrWwtr6xuWVv7zRVGEtMGjhkoWz7SBFGBWloqhlpR5Ig7jPS8keX03rrnkhFQ3GrxxHpcjQQNKAYaWP17AOPRIoygxSeQ48jPVRBcj0pOcfQU3TA0V3lqGcXnbKTCv4FN4MiyFTv2Z9eP8QxJ0JjhpTquE6kuwmSmmJGJgUvViRCeIQGpGNQIE5UN0mvmcBD4/RhEErzhIap+3MiQVypMfdNZ7rufG1q/lfrxDo46yZURLEmAs8+CmIGdQin0cA+lQRrNjaAsKRmV4iHSCKsTYAFE4I7f/JfaFbKbrV8clMt1i6yOPJgD+yDEnDBKaiBK1AHDYDBA3gCL+DVerSerTfrfdaas7KZXfBL1sc3pgqapQ==</latexit>

Alternating projections

✓t+1 = arg min
✓2Rd

1

n
·

nX

i=1

(yi � sign(hxi,✓ti) · hxi,✓i)2

=

 
1

n

nX

i=1

xix
>
i

!�1 
1

n

nX

i=1

sign(hxi,✓ti) · xiyi

!

<latexit sha1_base64="zOnO3CiXgjC7lA9jZk0vOtSTzfw="></latexit>

> 1

<latexit sha1_base64="yjkCWRTycMl5iOHb17Ocy5e0vDw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPVwTr1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6sX9eaV2k8dRhCM4hlPw4BJqcAd1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx9WIo0v</latexit>

Ghosh et al. ’19-’21 Waldspurger ’17 Zhang ’18-’20 Lee et al. ’21 Duchi, Ruan ’18 



Balakrishnan, Wainwright, Yu ’17 Similar ideas in ODE literature

Background on population-based analysis

View each iteration of the algorithm as a random operator

Tn : ✓t 7! ✓t+1

<latexit sha1_base64="Ej0Z1NlBJE1wSQLVBmbcD4BekI0=">AAACMXicbVDLSgMxFM3UV62vqks3wSIIQpmRiuKq6KbLCn1BpwyZNG1DM5khuSOUYX7JjX8ibrpQxK0/YabtQtteCDmccy/3nuNHgmuw7amV29jc2t7J7xb29g8Oj4rHJy0dxoqyJg1FqDo+0UxwyZrAQbBOpBgJfMHa/vgx09vPTGkeygZMItYLyFDyAacEDOUVa25AYESJSBqpJ++x64eiryeB+RIXRgxI6gE2TZGGcK2aAL7CTuoVS3bZnhVeBc4ClNCi6l7xze2HNA6YBCqI1l3HjqCXEAWcCpYW3FiziNAxGbKugZIETPeSmeMUXximjwehMk8CnrF/JxIS6OxO05n508taRq7TujEM7noJl1EMTNL5okEssDGfxYf7XDEKYmIAoYqbWzEdEUUomJALJgRn2fIqaF2XnUr55qlSqj4s4sijM3SOLpGDblEV1VAdNRFFL+gdfaBP69WaWl/W97w1Zy1mTtG/sn5+AXsdq5A=</latexit>

Use infinite sample limit          to guide analysis of the empirical iteratesT1

<latexit sha1_base64="uyIFBexcfslKxIjcaFV814DJIjA=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwVRKp6LLoxmWFvqAJYTKdtEMnkzBzI5aQX3HjQhG3/og7/8ZJm4W2Hhg4nHMv98wJEs4U2Pa3UdnY3Nreqe7W9vYPDo/M43pfxakktEdiHsthgBXlTNAeMOB0mEiKo4DTQTC7K/zBI5WKxaIL84R6EZ4IFjKCQUu+WXcjDFOCedbNfZeJEOa+2bCb9gLWOnFK0kAlOr755Y5jkkZUAOFYqZFjJ+BlWAIjnOY1N1U0wWSGJ3SkqcARVV62yJ5b51oZW2Es9RNgLdTfGxmOlJpHgZ4skqpVrxD/80YphDdexkSSAhVkeShMuQWxVRRhjZmkBPhcE0wk01ktMsUSE9B11XQJzuqX10n/sum0mlcPrUb7tqyjik7RGbpADrpGbXSPOqiHCHpCz+gVvRm58WK8Gx/L0YpR7pygPzA+fwCV+ZTO</latexit>

T1(✓t) = E[sign(hxi,✓ti) · xiyi]

<latexit sha1_base64="LBGhAc7FPD7zi8OwlXhJ0uWOh3Y="></latexit>

Subgradient method

Tn(✓t) = ✓t �
2⌘

n

nX

i=1

(|hxi,✓ti|� yi) · sign(hxi,✓ti) · xi

<latexit sha1_base64="xD0jO7PW7+VlpxlpHIzwkXjmYsk="></latexit>

Tn(✓t) = ✓t �
2⌘

n

nX

i=1

(|hxi,✓ti|� yi) · sign(hxi,✓ti) · xi

<latexit sha1_base64="xD0jO7PW7+VlpxlpHIzwkXjmYsk="></latexit>

T1(✓t) = (1� 2⌘) · ✓t + 2⌘ · E[sign(hxi,✓ti) · xiyi]

<latexit sha1_base64="cIep8Or3H8zGJch15R35VB/IeC8="></latexit>

Alternating projections

Tn(✓t) =

 
1

n

nX

i=1

xix
>
i

!�1 
1

n

nX

i=1

sign(hxi,✓ti) · xiyi

!

<latexit sha1_base64="3n2076Tk4196gN8KplDWuNLt+Kk="></latexit>

Tn(✓t) = ✓t �
2⌘

n

nX

i=1

(|hxi,✓ti|� yi) · sign(hxi,✓ti) · xi

<latexit sha1_base64="xD0jO7PW7+VlpxlpHIzwkXjmYsk="></latexit>

Note  For              , both population updates coincide!⌘ = 1/2

<latexit sha1_base64="zn7bc5rhkWIebbJxC03sYfLkCnU=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8xd0Q0YsQ9OIxgnlgsoTZSW8yZHZ2mekVQshfePGgiFf/xpt/4yTZgyYWNBRV3XR3BYkUBl3321lZXVvf2Mxt5bd3dvf2CweHDROnmkOdxzLWrYAZkEJBHQVKaCUaWBRIaAbD26nffAJtRKwecJSAH7G+EqHgDK302AFk9Jp65+VuoeiW3BnoMvEyUiQZat3CV6cX8zQChVwyY9qem6A/ZhoFlzDJd1IDCeND1oe2pYpFYPzx7OIJPbVKj4axtqWQztTfE2MWGTOKAtsZMRyYRW8q/ue1Uwyv/LFQSYqg+HxRmEqKMZ2+T3tCA0c5soRxLeytlA+YZhxtSHkbgrf48jJplEtepXRxXylWb7I4cuSYnJAz4pFLUiV3pEbqhBNFnskreXOM8+K8Ox/z1hUnmzkif+B8/gCP94+L</latexit>

Population-based analysis of SAA



Iteration

d = 800, n = 16,000, σ = 10−6

Distance

Population

⌘ = 1/2

<latexit sha1_base64="zn7bc5rhkWIebbJxC03sYfLkCnU=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8xd0Q0YsQ9OIxgnlgsoTZSW8yZHZ2mekVQshfePGgiFf/xpt/4yTZgyYWNBRV3XR3BYkUBl3321lZXVvf2Mxt5bd3dvf2CweHDROnmkOdxzLWrYAZkEJBHQVKaCUaWBRIaAbD26nffAJtRKwecJSAH7G+EqHgDK302AFk9Jp65+VuoeiW3BnoMvEyUiQZat3CV6cX8zQChVwyY9qem6A/ZhoFlzDJd1IDCeND1oe2pYpFYPzx7OIJPbVKj4axtqWQztTfE2MWGTOKAtsZMRyYRW8q/ue1Uwyv/LFQSYqg+HxRmEqKMZ2+T3tCA0c5soRxLeytlA+YZhxtSHkbgrf48jJplEtepXRxXylWb7I4cuSYnJAz4pFLUiV3pEbqhBNFnskreXOM8+K8Ox/z1hUnmzkif+B8/gCP94+L</latexit>

k✓t � ✓⇤k2

<latexit sha1_base64="scIWpyQwnEIFwBhvWn7e+eoG9Ew=">AAACHnicbVDLSgMxFM34rPU16tJNsAgiWGZKiy6LblxWsA/ojEMmTdvQzIPkjlCm/RI3/oobF4oIrvRvTNtZaNsDIYdz7uXee/xYcAWW9WOsrK6tb2zmtvLbO7t7++bBYUNFiaSsTiMRyZZPFBM8ZHXgIFgrlowEvmBNf3Az8ZuPTCoehfcwjJkbkF7Iu5wS0JJnVpwRdvxIdNQw0F/qQJ8BGXuAL5bpD+fYGXklzyxYRWsKvEjsjBRQhppnfjmdiCYBC4EKolTbtmJwUyKBU8HGeSdRLCZ0QHqsrWlIAqbcdHreGJ9qpYO7kdQvBDxV/3akJFCTNXVlQKCv5r2JuMxrJ9C9clMexgmwkM4GdROBIcKTrHCHS0ZBDDUhVHK9K6Z9IgkFnWheh2DPn7xIGqWiXS5W7sqF6nUWRw4doxN0hmx0iaroFtVQHVH0hF7QG3o3no1X48P4nJWuGFnPEfoH4/sXCI+jCA==</latexit>



Iteration

d = 800, n = 16,000, σ = 10−6

Distance

Population
Empirical: AM
Empirical: GD

Same population update, but different convergence behavior

Population update significantly optimistic in both cases

⌘ = 1/2

<latexit sha1_base64="zn7bc5rhkWIebbJxC03sYfLkCnU=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8xd0Q0YsQ9OIxgnlgsoTZSW8yZHZ2mekVQshfePGgiFf/xpt/4yTZgyYWNBRV3XR3BYkUBl3321lZXVvf2Mxt5bd3dvf2CweHDROnmkOdxzLWrYAZkEJBHQVKaCUaWBRIaAbD26nffAJtRKwecJSAH7G+EqHgDK302AFk9Jp65+VuoeiW3BnoMvEyUiQZat3CV6cX8zQChVwyY9qem6A/ZhoFlzDJd1IDCeND1oe2pYpFYPzx7OIJPbVKj4axtqWQztTfE2MWGTOKAtsZMRyYRW8q/ue1Uwyv/LFQSYqg+HxRmEqKMZ2+T3tCA0c5soRxLeytlA+YZhxtSHkbgrf48jJplEtepXRxXylWb7I4cuSYnJAz4pFLUiV3pEbqhBNFnskreXOM8+K8Ox/z1hUnmzkif+B8/gCP94+L</latexit>

k✓t � ✓⇤k2

<latexit sha1_base64="scIWpyQwnEIFwBhvWn7e+eoG9Ew=">AAACHnicbVDLSgMxFM34rPU16tJNsAgiWGZKiy6LblxWsA/ojEMmTdvQzIPkjlCm/RI3/oobF4oIrvRvTNtZaNsDIYdz7uXee/xYcAWW9WOsrK6tb2zmtvLbO7t7++bBYUNFiaSsTiMRyZZPFBM8ZHXgIFgrlowEvmBNf3Az8ZuPTCoehfcwjJkbkF7Iu5wS0JJnVpwRdvxIdNQw0F/qQJ8BGXuAL5bpD+fYGXklzyxYRWsKvEjsjBRQhppnfjmdiCYBC4EKolTbtmJwUyKBU8HGeSdRLCZ0QHqsrWlIAqbcdHreGJ9qpYO7kdQvBDxV/3akJFCTNXVlQKCv5r2JuMxrJ9C9clMexgmwkM4GdROBIcKTrHCHS0ZBDDUhVHK9K6Z9IgkFnWheh2DPn7xIGqWiXS5W7sqF6nUWRw4doxN0hmx0iaroFtVQHVH0hF7QG3o3no1X48P4nJWuGFnPEfoH4/sXCI+jCA==</latexit>



0 50 100 15010−8

10−6

10−4

10−2

100

Iteration

Empirical: GD
Population

d = 600, n = 6,000, σ = 0 ⌘ = 0.95

<latexit sha1_base64="+I+qrpsWTk2tfHoK2gbEOtgnmjA=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgadmVFvUgFL14rGA/YLuUbJptQ7PJkswKpfRnePGgiFd/jTf/jWm7B219MPB4b4aZeVEquAHP+3YKa+sbm1vF7dLO7t7+QfnwqGVUpilrUiWU7kTEMMElawIHwTqpZiSJBGtHo7uZ335i2nAlH2GcsjAhA8ljTglYKegyIPgGe+51rVeueK43B14lfk4qKEejV/7q9hXNEiaBCmJM4HsphBOigVPBpqVuZlhK6IgMWGCpJAkz4WR+8hSfWaWPY6VtScBz9ffEhCTGjJPIdiYEhmbZm4n/eUEG8VU44TLNgEm6WBRnAoPCs/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgL7+8SloXrl91aw/VSv02j6OITtApOkc+ukR1dI8aqIkoUugZvaI3B5wX5935WLQWnHzmGP2B8/kDD4uPzw==</latexit>

Distance

k✓t � ✓⇤k2

<latexit sha1_base64="scIWpyQwnEIFwBhvWn7e+eoG9Ew=">AAACHnicbVDLSgMxFM34rPU16tJNsAgiWGZKiy6LblxWsA/ojEMmTdvQzIPkjlCm/RI3/oobF4oIrvRvTNtZaNsDIYdz7uXee/xYcAWW9WOsrK6tb2zmtvLbO7t7++bBYUNFiaSsTiMRyZZPFBM8ZHXgIFgrlowEvmBNf3Az8ZuPTCoehfcwjJkbkF7Iu5wS0JJnVpwRdvxIdNQw0F/qQJ8BGXuAL5bpD+fYGXklzyxYRWsKvEjsjBRQhppnfjmdiCYBC4EKolTbtmJwUyKBU8HGeSdRLCZ0QHqsrWlIAqbcdHreGJ9qpYO7kdQvBDxV/3akJFCTNXVlQKCv5r2JuMxrJ9C9clMexgmwkM4GdROBIcKTrHCHS0ZBDDUhVHK9K6Z9IgkFnWheh2DPn7xIGqWiXS5W7sqF6nUWRw4doxN0hmx0iaroFtVQHVH0hF7QG3o3no1X48P4nJWuGFnPEfoH4/sXCI+jCA==</latexit>



Iteration

Our Gordon prediction

d = 800, n = 16,000, σ = 10−6

Population

Distance

⌘ = 1/2

<latexit sha1_base64="zn7bc5rhkWIebbJxC03sYfLkCnU=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8xd0Q0YsQ9OIxgnlgsoTZSW8yZHZ2mekVQshfePGgiFf/xpt/4yTZgyYWNBRV3XR3BYkUBl3321lZXVvf2Mxt5bd3dvf2CweHDROnmkOdxzLWrYAZkEJBHQVKaCUaWBRIaAbD26nffAJtRKwecJSAH7G+EqHgDK302AFk9Jp65+VuoeiW3BnoMvEyUiQZat3CV6cX8zQChVwyY9qem6A/ZhoFlzDJd1IDCeND1oe2pYpFYPzx7OIJPbVKj4axtqWQztTfE2MWGTOKAtsZMRyYRW8q/ue1Uwyv/LFQSYqg+HxRmEqKMZ2+T3tCA0c5soRxLeytlA+YZhxtSHkbgrf48jJplEtepXRxXylWb7I4cuSYnJAz4pFLUiV3pEbqhBNFnskreXOM8+K8Ox/z1hUnmzkif+B8/gCP94+L</latexit>

k✓t � ✓⇤k2

<latexit sha1_base64="scIWpyQwnEIFwBhvWn7e+eoG9Ew=">AAACHnicbVDLSgMxFM34rPU16tJNsAgiWGZKiy6LblxWsA/ojEMmTdvQzIPkjlCm/RI3/oobF4oIrvRvTNtZaNsDIYdz7uXee/xYcAWW9WOsrK6tb2zmtvLbO7t7++bBYUNFiaSsTiMRyZZPFBM8ZHXgIFgrlowEvmBNf3Az8ZuPTCoehfcwjJkbkF7Iu5wS0JJnVpwRdvxIdNQw0F/qQJ8BGXuAL5bpD+fYGXklzyxYRWsKvEjsjBRQhppnfjmdiCYBC4EKolTbtmJwUyKBU8HGeSdRLCZ0QHqsrWlIAqbcdHreGJ9qpYO7kdQvBDxV/3akJFCTNXVlQKCv5r2JuMxrJ9C9clMexgmwkM4GdROBIcKTrHCHS0ZBDDUhVHK9K6Z9IgkFnWheh2DPn7xIGqWiXS5W7sqF6nUWRw4doxN0hmx0iaroFtVQHVH0hF7QG3o3no1X48P4nJWuGFnPEfoH4/sXCI+jCA==</latexit>



Iteration

Our Gordon prediction
Empirical: AM
Empirical: GD

d = 800, n = 16,000, σ = 10−6

Population

Distance

⌘ = 1/2

<latexit sha1_base64="zn7bc5rhkWIebbJxC03sYfLkCnU=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8xd0Q0YsQ9OIxgnlgsoTZSW8yZHZ2mekVQshfePGgiFf/xpt/4yTZgyYWNBRV3XR3BYkUBl3321lZXVvf2Mxt5bd3dvf2CweHDROnmkOdxzLWrYAZkEJBHQVKaCUaWBRIaAbD26nffAJtRKwecJSAH7G+EqHgDK302AFk9Jp65+VuoeiW3BnoMvEyUiQZat3CV6cX8zQChVwyY9qem6A/ZhoFlzDJd1IDCeND1oe2pYpFYPzx7OIJPbVKj4axtqWQztTfE2MWGTOKAtsZMRyYRW8q/ue1Uwyv/LFQSYqg+HxRmEqKMZ2+T3tCA0c5soRxLeytlA+YZhxtSHkbgrf48jJplEtepXRxXylWb7I4cuSYnJAz4pFLUiV3pEbqhBNFnskreXOM8+K8Ox/z1hUnmzkif+B8/gCP94+L</latexit>

k✓t � ✓⇤k2

<latexit sha1_base64="scIWpyQwnEIFwBhvWn7e+eoG9Ew=">AAACHnicbVDLSgMxFM34rPU16tJNsAgiWGZKiy6LblxWsA/ojEMmTdvQzIPkjlCm/RI3/oobF4oIrvRvTNtZaNsDIYdz7uXee/xYcAWW9WOsrK6tb2zmtvLbO7t7++bBYUNFiaSsTiMRyZZPFBM8ZHXgIFgrlowEvmBNf3Az8ZuPTCoehfcwjJkbkF7Iu5wS0JJnVpwRdvxIdNQw0F/qQJ8BGXuAL5bpD+fYGXklzyxYRWsKvEjsjBRQhppnfjmdiCYBC4EKolTbtmJwUyKBU8HGeSdRLCZ0QHqsrWlIAqbcdHreGJ9qpYO7kdQvBDxV/3akJFCTNXVlQKCv5r2JuMxrJ9C9clMexgmwkM4GdROBIcKTrHCHS0ZBDDUhVHK9K6Z9IgkFnWheh2DPn7xIGqWiXS5W7sqF6nUWRw4doxN0hmx0iaroFtVQHVH0hF7QG3o3no1X48P4nJWuGFnPEfoH4/sXCI+jCA==</latexit>



Iteration

Our Gordon prediction
Empirical: AM
Empirical: GD

d = 800, n = 16,000, σ = 10−6

Quadratic Super-linear  
exponent 3/2

Linear

Population

Distance

⌘ = 1/2

<latexit sha1_base64="zn7bc5rhkWIebbJxC03sYfLkCnU=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8xd0Q0YsQ9OIxgnlgsoTZSW8yZHZ2mekVQshfePGgiFf/xpt/4yTZgyYWNBRV3XR3BYkUBl3321lZXVvf2Mxt5bd3dvf2CweHDROnmkOdxzLWrYAZkEJBHQVKaCUaWBRIaAbD26nffAJtRKwecJSAH7G+EqHgDK302AFk9Jp65+VuoeiW3BnoMvEyUiQZat3CV6cX8zQChVwyY9qem6A/ZhoFlzDJd1IDCeND1oe2pYpFYPzx7OIJPbVKj4axtqWQztTfE2MWGTOKAtsZMRyYRW8q/ue1Uwyv/LFQSYqg+HxRmEqKMZ2+T3tCA0c5soRxLeytlA+YZhxtSHkbgrf48jJplEtepXRxXylWb7I4cuSYnJAz4pFLUiV3pEbqhBNFnskreXOM8+K8Ox/z1hUnmzkif+B8/gCP94+L</latexit>

k✓t � ✓⇤k2

<latexit sha1_base64="scIWpyQwnEIFwBhvWn7e+eoG9Ew=">AAACHnicbVDLSgMxFM34rPU16tJNsAgiWGZKiy6LblxWsA/ojEMmTdvQzIPkjlCm/RI3/oobF4oIrvRvTNtZaNsDIYdz7uXee/xYcAWW9WOsrK6tb2zmtvLbO7t7++bBYUNFiaSsTiMRyZZPFBM8ZHXgIFgrlowEvmBNf3Az8ZuPTCoehfcwjJkbkF7Iu5wS0JJnVpwRdvxIdNQw0F/qQJ8BGXuAL5bpD+fYGXklzyxYRWsKvEjsjBRQhppnfjmdiCYBC4EKolTbtmJwUyKBU8HGeSdRLCZ0QHqsrWlIAqbcdHreGJ9qpYO7kdQvBDxV/3akJFCTNXVlQKCv5r2JuMxrJ9C9clMexgmwkM4GdROBIcKTrHCHS0ZBDDUhVHK9K6Z9IgkFnWheh2DPn7xIGqWiXS5W7sqF6nUWRw4doxN0hmx0iaroFtVQHVH0hF7QG3o3no1X48P4nJWuGFnPEfoH4/sXCI+jCA==</latexit>
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Empirical: GD
Gordon: GD

0 50 100 15010−8
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Iteration

Empirical: GD
Population

d = 600, n = 6,000, σ = 0 ⌘ = 0.95

<latexit sha1_base64="+I+qrpsWTk2tfHoK2gbEOtgnmjA=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgadmVFvUgFL14rGA/YLuUbJptQ7PJkswKpfRnePGgiFd/jTf/jWm7B219MPB4b4aZeVEquAHP+3YKa+sbm1vF7dLO7t7+QfnwqGVUpilrUiWU7kTEMMElawIHwTqpZiSJBGtHo7uZ335i2nAlH2GcsjAhA8ljTglYKegyIPgGe+51rVeueK43B14lfk4qKEejV/7q9hXNEiaBCmJM4HsphBOigVPBpqVuZlhK6IgMWGCpJAkz4WR+8hSfWaWPY6VtScBz9ffEhCTGjJPIdiYEhmbZm4n/eUEG8VU44TLNgEm6WBRnAoPCs/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgL7+8SloXrl91aw/VSv02j6OITtApOkc+ukR1dI8aqIkoUugZvaI3B5wX5935WLQWnHzmGP2B8/kDD4uPzw==</latexit>

k✓
t
�
✓
⇤ k

2

<latexit sha1_base64="scIWpyQwnEIFwBhvWn7e+eoG9Ew=">AAACHnicbVDLSgMxFM34rPU16tJNsAgiWGZKiy6LblxWsA/ojEMmTdvQzIPkjlCm/RI3/oobF4oIrvRvTNtZaNsDIYdz7uXee/xYcAWW9WOsrK6tb2zmtvLbO7t7++bBYUNFiaSsTiMRyZZPFBM8ZHXgIFgrlowEvmBNf3Az8ZuPTCoehfcwjJkbkF7Iu5wS0JJnVpwRdvxIdNQw0F/qQJ8BGXuAL5bpD+fYGXklzyxYRWsKvEjsjBRQhppnfjmdiCYBC4EKolTbtmJwUyKBU8HGeSdRLCZ0QHqsrWlIAqbcdHreGJ9qpYO7kdQvBDxV/3akJFCTNXVlQKCv5r2JuMxrJ9C9clMexgmwkM4GdROBIcKTrHCHS0ZBDDUhVHK9K6Z9IgkFnWheh2DPn7xIGqWiXS5W7sqF6nUWRw4doxN0hmx0iaroFtVQHVH0hF7QG3o3no1X48P4nJWuGFnPEfoH4/sXCI+jCA==</latexit>
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α
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Iteration

Empirical: AM
Empirical: GD
Gordon: AM
Gordon: GD

Chen et al. ’19  Wu & Zhou ‘20Tan & Vershynin ’19

�(✓) = kP?
✓⇤✓k2

<latexit sha1_base64="I9/qHx7X2GNowHO4tvRc2ipKrJI="></latexit>

(↵(✓t),�(✓t)) 7! (↵t+1,�t+1) ⇡ (↵(✓t+1),�(✓t+1))

<latexit sha1_base64="pYd8S8dlff8pgvGgy9InaC7srHw="></latexit>

Gordon prediction is state evolution update

(↵(✓t), �(✓t)) 7! (↵gor
t+1, �

gor
t+1) ⇡ (↵(✓t+1), �(✓t+1))

<latexit sha1_base64="u0mEBiV8QmeqiiPRQrhz/xARDek="></latexit>

Finite sample “correction” to population 
prediction:

�
�gor
t+1

�2
=

�
�pop
t+1

�2
+O(⇤�1) ·�(↵t,�t;�)

<latexit sha1_base64="PyyOTAUbI2GRVDXJdAHBDP/SWL0="></latexit>

n : per-iteration sample size

d : dimension

⇤ = n/d

<latexit sha1_base64="V6fFjDiFfoSpUlzVKHk/xwWPa1E="></latexit>

↵(✓) = h✓,✓⇤i

<latexit sha1_base64="F+0h8D0eP7K1Kkz6XKqrLys8dOA=">AAACQXicbVA9SwNBFNzz2/gVtbRZDIKKhDtRtBFEG0sFo4FcDO82L8ni3t6x+04IR/6ajf/Azt7GQhFbGzcxhR8ZWHaYecO+nShV0pLvP3lj4xOTU9Mzs4W5+YXFpeLyypVNMiOwIhKVmGoEFpXUWCFJCqupQYgjhdfR7Wnfv75DY2WiL6mbYj2GtpYtKYCc1ChWQ1BpBzbDKFFN243dlYfUQYLeFj/ioQLdVshH2DujxJttHppBpFEs+WV/AP6fBENSYkOcN4qPYTMRWYyahAJra4GfUj0HQ1Io7BXCzGIK4hbaWHNUQ4y2ng8a6PENpzR5KzHuaOID9Wcih9j2N3WTMVDH/vX64iivllHrsJ5LnWaEWnw/1MoUp4T36+RNaVCQ6joCwki3KxcdMCDIlV5wJQR/v/yfXO2Wg73y/sVe6fhkWMcMW2PrbJMF7IAdszN2zipMsHv2zF7Zm/fgvXjv3sf36Jg3zKyyX/A+vwBwtbIC</latexit>



General iterate-by-iterate recipe
if each iteration convex, GaussianityPart I:

Explicit one-step prediction for general class 
of models and methodsPart II:

Part III: Consequences for nonconvex model-fitting: 
Global convergence prediction



Workhorse: The Convex Gaussian Minimax theorem

Gordon ’85, ’88 Stojnic ’13 Thrampoulidis, Oymak, Hassibi ’15

P(G) := min
u2U

max
v2V

hv,Gui+Q(u,v)

<latexit sha1_base64="8j7QOkxNCRHaqVbzfVGnkjqyQ9k="></latexit>

A(�d,�n) := min
u2U

max
v2V

kvk2 · h�d,ui+ kuk2 · h�n,vi+Q(u,v)

<latexit sha1_base64="Ab3NdzEiWjzWrLYc+NrlRSkOiXY="></latexit>

Primary

Auxiliary

Suppose       is continuous. Then the following hold for all scalars    :
(a)  We have

(b) If, in addition,          are convex* and      is convex-concave then 

Theorem

Q

<latexit sha1_base64="yE+iQjrlZcV8CEFaNEB6+KVdXbw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrNfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frbWM3Q==</latexit>

Q

<latexit sha1_base64="yE+iQjrlZcV8CEFaNEB6+KVdXbw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrNfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frbWM3Q==</latexit>

U ,V

<latexit sha1_base64="6fjRdWjcdEBC4ZFxZqZ63P79QWM=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuJCSSEWXRTcuK5i20IYymU7aoZMHMxOhhLjxV9y4UMStf+HOv3HSBtHWAwNnzrmXe+/xYs6ksqwvo7S0vLK6Vl6vbGxube+Yu3stGSWCUIdEPBIdD0vKWUgdxRSnnVhQHHictr3xde6376mQLArv1CSmboCHIfMZwUpLffOgF2A1IpinTnaKfj6trG9WrZo1BVokdkGqUKDZNz97g4gkAQ0V4VjKrm3Fyk2xUIxwmlV6iaQxJmM8pF1NQxxQ6abTCzJ0rJUB8iOhX6jQVP3dkeJAykng6cp8RTnv5eJ/XjdR/qWbsjBOFA3JbJCfcKQilMeBBkxQovhEE0wE07siMsICE6VDq+gQ7PmTF0nrrGbXa+e39WrjqoijDIdwBCdgwwU04Aaa4ACBB3iCF3g1Ho1n4814n5WWjKJnH/7A+PgGi0uW9g==</latexit>

t

<latexit sha1_base64="UxXCAGDTaUNCc8ZkLJcN6TsViGQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9WvWyWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4sGNAA==</latexit>

P(P(G)  t)  2P(A(�d,�n)  t)

<latexit sha1_base64="SHUHv6405dhBOQ5EKYhvptTzQ3U="></latexit>

P(A(�d,�n)  t)  2P(P(G)  t)

<latexit sha1_base64="ax8RzObOvnT8UZo6gSATH05vKsA="></latexit>

�d ⇠ N(0, Id)

<latexit sha1_base64="wJkrL19xumE6d0htca6INxx19Y4=">AAACI3icbVDLSsNAFJ3UV62vqks3g0WoICWRiuKq6EY3UsE+oAllMpm0Q2eSMDMRSsi/uPFX3LhQihsX/ovTNIvaemGYw7nncs89bsSoVKb5bRRWVtfWN4qbpa3tnd298v5BW4axwKSFQxaKroskYTQgLUUVI91IEMRdRjru6Hba7zwTIWkYPKlxRByOBgH1KUZKU/3yte2GzJNjrr/EHiDOUdr3oC0phzZHaij95CGtmmdwXnivNaf9csWsmVnBZWDloALyavbLE9sLccxJoDBDUvYsM1JOgoSimJG0ZMeSRAiP0ID0NAwQJ9JJshtTeKIZD/qh0C9QMGPnJxLE5dSdVma2F3tT8r9eL1b+lZPQIIoVCfBskR8zqEI4DQx6VBCs2FgDhAXVXiEeIoGw0rGWdAjW4snLoH1es+q1i8d6pXGTx1EER+AYVIEFLkED3IEmaAEMXsAb+ACfxqvxbkyMr5m0YOQzh+BPGT+/+v6lEg==</latexit>

�n ⇠ N(0, In)

<latexit sha1_base64="Kirg6f7a0ayFmnmbgD0iYTmTtkI=">AAACI3icbVDLSgMxFM3UV62vUZdugkWoIGVGKoqrohvdSAX7gE4pmTTThiaZIckIZZh/ceOvuHGhFDcu/BfTaRe19ULI4dxzueceP2JUacf5tnIrq2vrG/nNwtb2zu6evX/QUGEsManjkIWy5SNFGBWkrqlmpBVJgrjPSNMf3k76zWciFQ3Fkx5FpMNRX9CAYqQN1bWvPT9kPTXi5ku8PuIcpV0BPUU59DjSAxUkD2nJOYPzwnujOe3aRafsZAWXgTsDRTCrWtcee70Qx5wIjRlSqu06ke4kSGqKGUkLXqxIhPAQ9UnbQIE4UZ0kuzGFJ4bpwSCU5gkNM3Z+IkFcTdwZZWZ7sTch/+u1Yx1cdRIqolgTgaeLgphBHcJJYLBHJcGajQxAWFLjFeIBkghrE2vBhOAunrwMGudlt1K+eKwUqzezOPLgCByDEnDBJaiCO1ADdYDBC3gDH+DTerXerbH1NZXmrNnMIfhT1s8vGtmlJg==</latexit>

G 2 Rn⇥d Gi,j
i.i.d.⇠ N(0, 1)

<latexit sha1_base64="s3aeynBMQK2f9QWotqhgqlLDoDQ="></latexit>



I: The recipe

Step 1: Write an iteration as 
solution to convex program; then 
write objective in bilinear form

✓t+1 = arg min
✓2Rd

L(✓;✓t,X,y)

<latexit sha1_base64="oDahmtaXO06NBY8hTeVerUWpGp4="></latexit>

Step 2: Invoke CGMT to replace 
matrix of Gaussian variables with two 
vectors

min
✓2Rd

L(✓;✓t,X,y) ⇡ min
u2U

max
v2V

kvk2 · h�d,ui+ kuk2 · h�n,vi+Q(u,v)

<latexit sha1_base64="pUSgXliGDpNM6ZoB2DbjC6e059s="></latexit>

=: min
✓2Rd

L(✓;✓t,�d,�n)

<latexit sha1_base64="uYUr83J19R2BqyczrREbouZlY4s="></latexit>

Step 4: Use growth conditions 
on the losses to make 
statements about minimizers.
Empirical process theory

Step 3: Scalarize: Obtain equiv. 
low-dimensional problem, solve

min
✓2Rd

L(✓;✓t,�d,�n) = min
⇣2R3

Ln(⇣; ⇣t,�d,�n)

<latexit sha1_base64="GDMRaCDd3jQBYy6TXoGYVpTZuho="></latexit>

min
✓2Rd

L(✓;✓t,�d,�n) = min
⇣2R3

Ln(⇣; ⇣t,�d,�n)

<latexit sha1_base64="GDMRaCDd3jQBYy6TXoGYVpTZuho="></latexit>

⇡

<latexit sha1_base64="SRWvNz75D1yL3QwbjEKbvp2ANO8=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVih6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDWrVy/tapX6Tx1GEEziFcwjgCupwBw1oAoExPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5X6j74=</latexit>

n!1! L(⇣; ⇣t)

<latexit sha1_base64="f9oHAUgYfw0O58rbdJP1Dy2ZQYk="></latexit>

Variational form/Fenchel conjugate

min
✓2Rd

L(✓;✓t,X,y)
(d)
= min

u2U
max
v2V

hv,Gui+Q(u,v)

<latexit sha1_base64="W1h+DyQ5LdjtPJfHVNUxfwFD1xM="></latexit>

min
✓2Rd

L(✓;✓t,X,y) ⇡ min
u2U

max
v2V

kvk2 · h�d,ui+ kuk2 · h�n,vi+Q(u,v)

<latexit sha1_base64="pUSgXliGDpNM6ZoB2DbjC6e059s="></latexit>

min
✓2Rd

L(✓;✓t,X,y) ⇡ min
u2U

max
v2V

kvk2 · h�d,ui+ kuk2 · h�n,vi+Q(u,v)

<latexit sha1_base64="pUSgXliGDpNM6ZoB2DbjC6e059s="></latexit>

Obtain deterministic Gordon state 
evolution prediction

2

⇣ = (↵, �)

<latexit sha1_base64="uYStxtPgTpaOht1N8ZngLgCF834=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICWRim6EohuXFewDmlBuJpN26OTBzESooT/gxl9x40IRt+7d+TdO2i60emCYwzn3cu89XsKZVJb1ZRQWFpeWV4qrpbX1jc0tc3unJeNUENokMY9FxwNJOYtoUzHFaScRFEKP07Y3vMr99h0VksXRrRol1A2hH7GAEVBa6pkHjhdzX45C/WXOPVUwxhe44gBPBnCMHU8rRz2zbFWtCfBfYs9IGc3Q6Jmfjh+TNKSRIhyk7NpWotwMhGKE03HJSSVNgAyhT7uaRhBS6WaTa8b4UCs+DmKhX6TwRP3ZkUEo84V1ZQhqIOe9XPzP66YqOHczFiWpohGZDgpSjlWM82iwzwQlio80ASKY3hWTAQggSgdY0iHY8yf/Ja2Tql2rnt7UyvXLWRxFtIf2UQXZ6AzV0TVqoCYi6AE9oRf0ajwaz8ab8T4tLRiznl30C8bHN3xVmyo=</latexit>



II: Prediction for a general class of problems

xi ⇠ N(0, Id)

<latexit sha1_base64="ESQD9ftvRpeTRWK13dpDLi16tlk=">AAACHnicbVDLSsNAFJ34rPUVdelmsAgVpCTSosuiG91IBfuAJoTJZNIOnTyYmYgl5Evc+CtuXCgiuNK/cZJ2UVsPDHM491zuvceNGRXSMH60peWV1bX10kZ5c2t7Z1ff2++IKOGYtHHEIt5zkSCMhqQtqWSkF3OCApeRrju6yuvdB8IFjcJ7OY6JHaBBSH2KkVSSozcsN2KeGAfqSx8zh0JL0ABaAZJD4ae3WdU4hbOem8zxThy9YtSMAnCRmFNSAVO0HP3L8iKcBCSUmCEh+qYRSztFXFLMSFa2EkFihEdoQPqKhiggwk6L8zJ4rBQP+hFXL5SwUGc7UhSIfDvlLNaer+Xif7V+Iv0LO6VhnEgS4skgP2FQRjDPCnqUEyzZWBGEOVW7QjxEHGGpEi2rEMz5kxdJ56xm1muNu3qleTmNowQOwRGoAhOcgya4Bi3QBhg8gRfwBt61Z+1V+9A+J9YlbdpzAP5A+/4F+pii/g==</latexit>

k✓⇤k2 = 1

<latexit sha1_base64="/NUAlnV8dufweNvjRqbOzMW5ltY=">AAACCnicbVC7SgNBFJ2NrxhfUUub0SCIRdgNEW2EoI1lBPOAbFxmZ2eTIbMPZu4KYZPaxl+xsVDE1i+w82+cJFto4oFhDufcy733uLHgCkzz28gtLa+sruXXCxubW9s7xd29pooSSVmDRiKSbZcoJnjIGsBBsHYsGQlcwVru4Hritx6YVDwK72AYs25AeiH3OSWgJad4aI+w7UbCU8NAf6kNfQZkfH+K7ZFTwZfYcools2xOgReJlZESylB3il+2F9EkYCFQQZTqWGYM3ZRI4FSwccFOFIsJHZAe62gakoCpbjo9ZYyPteJhP5L6hYCn6u+OlARqsqquDAj01bw3Ef/zOgn4F92Uh3ECLKSzQX4iMER4kgv2uGQUxFATQiXXu2LaJ5JQ0OkVdAjW/MmLpFkpW9Xy2W21VLvK4sijA3SETpCFzlEN3aA6aiCKHtEzekVvxpPxYrwbH7PSnJH17KM/MD5/ANeTmbE=</latexit>

Model Algorithms

✏i = N(0,�2)

<latexit sha1_base64="Pdsa2pj/wGVSZETGYGYXGZIzxHw=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AVKkiZKRXdCEU3rqSCvUCnlkyaaUOTzJBkhDL0Bdz4Km5cKOLWvTvfxnQ6C63+EPj4zznknN+PGFXacb6s3MLi0vJKfrWwtr6xuWVv7zRVGEtMGjhkoWz7SBFGBWloqhlpR5Ig7jPS8keX03rrnkhFQ3GrxxHpcjQQNKAYaWP17AOPRIoygxSeQ48jPVRBcj0pOcfQU3TA0V3lqGcXnbKTCv4FN4MiyFTv2Z9eP8QxJ0JjhpTquE6kuwmSmmJGJgUvViRCeIQGpGNQIE5UN0mvmcBD4/RhEErzhIap+3MiQVypMfdNZ7rufG1q/lfrxDo46yZURLEmAs8+CmIGdQin0cA+lQRrNjaAsKRmV4iHSCKsTYAFE4I7f/JfaFbKbrV8clMt1i6yOPJgD+yDEnDBKaiBK1AHDYDBA3gCL+DVerSerTfrfdaas7KZXfBL1sc3pgqapQ==</latexit>

yi = f(hxi,✓
⇤i; qi) + ✏i

<latexit sha1_base64="aw25npEwENXuO26EUqwdkMf6Ngs="></latexit>

qi ⇠ Q

<latexit sha1_base64="sQQBEHl7L11ePEB14vQ+kHDe4fY=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjFV0W3bhswT6gMwyZNNOGJpkxyQh1KP6KGxeKuPU/3Pk3ZtpZaOuBwOGce7knJ0wYVdpxvq3Syura+kZ5s7K1vbO7Z+8fdFScSkzaOGax7IVIEUYFaWuqGeklkiAeMtINxze5330gUtFY3OlJQnyOhoJGFCNtpMA+ug8o9BTl0ONIjzBiWWsa2FWn5swAl4lbkCoo0AzsL28Q45QToTFDSvVdJ9F+hqSmmJFpxUsVSRAeoyHpGyoQJ8rPZumn8NQoAxjF0jyh4Uz9vZEhrtSEh2Yyj6gWvVz8z+unOrryMyqSVBOB54eilEEdw7wKOKCSYM0mhiAsqckK8QhJhLUprGJKcBe/vEw65zW3Xrto1auN66KOMjgGJ+AMuOASNMAtaII2wOARPINX8GY9WS/Wu/UxHy1Zxc4h+APr8wc58JUY</latexit>

i.i.d. observations: (xi, yi) 2 Rd ⇥ R

<latexit sha1_base64="aa6f+bNdb5kz1IQpacICEfOdqYA=">AAACI3icbVDLSsNAFJ34rPVVdelmsAgVpCRSUVwV3bisYh/QxDCZTNqhk0mYmYgh9F/c+CtuXCjFjQv/xUnbRW29MMzhnHu59xwvZlQq0/w2lpZXVtfWCxvFza3tnd3S3n5LRonApIkjFomOhyRhlJOmooqRTiwICj1G2t7gJtfbT0RIGvEHlcbECVGP04BipDTllq4qthcxX6ah/rLnoUtPYerSE2hTDu0Qqb7nZffDRx/aioZEznBuqWxWzXHBRWBNQRlMq+GWRrYf4SQkXGGGpOxaZqycDAlFMSPDop1IEiM8QD3S1ZAjvc/Jxh6H8FgzPgwioR9XcMzOTmQolLkL3ZlfKOe1nPxP6yYquHQyyuNEEY4ni4KEQRXBPDDoU0GwYqkGCAuqb4W4jwTCSsda1CFY85YXQeusatWq53e1cv16GkcBHIIjUAEWuAB1cAsaoAkweAFv4AN8Gq/GuzEyviatS8Z05gD8KePnF1qvpLs=</latexit>

Phase retrieval

Mixtures of regressions

Mixtures of single-index models

Alternating projections, Newton methods

Expectation maximization (EM), Newton EM

(Sub-)gradient descent, gradient EM

Higher-order methods

✓t+1 = arg min
✓2Rd

1

n
k!(X✓t,y)�X✓k22

=

 
1

n

nX

i=1

xix
>
i

!�1 
1

n

nX

i=1

!(hxi,✓ti, yi) · xi

!

<latexit sha1_base64="nBZJ6XMwPk4YSwjRFMrFK1goXeY="></latexit>

First-order methods
✓t+1 = arg min

✓2Rd
k✓ � ✓t +

2⌘

n

nX

i=1

!(hxi,✓ti, yi) · xik22

= ✓t �
2⌘

n

nX

i=1

!(hxi,✓ti, yi) · xi

<latexit sha1_base64="bJhAq2FQIzOG4OmpAyx0bkhACt0="></latexit>



One-step Gordon update and deviation bound ↵ = ↵(✓t)

<latexit sha1_base64="C20GBz1zOcNtGI4E42LJxC1iXKM=">AAACD3icbVC7SgNBFJ31GeMramkzGJTYhF2JaCMEbSwjmAdkl+XuZJIMmX0wc1cIS/7Axl+xsVDE1tbOv3HyKDTxwDCHc+7l3nuCRAqNtv1tLS2vrK6t5zbym1vbO7uFvf2GjlPFeJ3FMlatADSXIuJ1FCh5K1EcwkDyZjC4GfvNB660iKN7HCbcC6EXia5ggEbyCycuyKQP9IpOSckNYtnRw9B8mYt9jjDy8dQvFO2yPQFdJM6MFMkMNb/w5XZiloY8QiZB67ZjJ+hloFAwyUd5N9U8ATaAHm8bGkHItZdN7hnRY6N0aDdW5kVIJ+rvjgxCPV7RVIaAfT3vjcX/vHaK3UsvE1GSIo/YdFA3lRRjOg6HdoTiDOXQEGBKmF0p64MChibCvAnBmT95kTTOyk6lfH5XKVavZ3HkyCE5IiXikAtSJbekRuqEkUfyTF7Jm/VkvVjv1se0dMma9RyQP7A+fwDWrJyR</latexit>

� = �(✓t)

<latexit sha1_base64="LKe7OG7VuXH0zZP9/V1HuT37kPc=">AAACDXicbVDLSsNAFJ34rPUVdelmsAp1UxKp6EYounFZwT6gCWEynbRDJw9mboQS+gNu/BU3LhRx696df+OkzUJbDwz3cM69zL3HTwRXYFnfxtLyyuraemmjvLm1vbNr7u23VZxKylo0FrHs+kQxwSPWAg6CdRPJSOgL1vFHN7nfeWBS8Ti6h3HC3JAMIh5wSkBLnnns+AwIvsLTWnX8WPTVONQlc2CopYkHp55ZsWrWFHiR2AWpoAJNz/xy+jFNQxYBFUSpnm0l4GZEAqeCTcpOqlhC6IgMWE/TiIRMudn0mgk+0UofB7HULwI8VX9PZCRU+Yq6MyQwVPNeLv7n9VIILt2MR0kKLKKzj4JUYIhxHg3uc8koiLEmhEqud8V0SCShoAMs6xDs+ZMXSfusZtdr53f1SuO6iKOEDtERqiIbXaAGukVN1EIUPaJn9IrejCfjxXg3PmatS0Yxc4D+wPj8AS1um6k=</latexit>

Z1, Z2, Z3
i.i.d.⇠ N(0, 1)

<latexit sha1_base64="crswsLqhwPe3qe4TJGNwF3ZE3FU=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgVSkjaii6LblxJBfugTQiT6aQdOnkwMxFKyIe48VfcuFDEjQvBv3GadqGtBy4czrmXe+/xYkaFNM1vbWV1bX1js7BV3N7Z3dvXDw7bIko4Ji0csYh3PSQIoyFpSSoZ6cacoMBjpOONr6d+54FwQaPwXk5i4gRoGFKfYiSV5Oq1nmtVem5VVQ3a0bSVyJQa1BgYWWoLGmTQDpAcCT+9zcpmBVpnrl4yDTMHXCbWnJTAHE1X/7QHEU4CEkrMkBB9y4ylkyIuKWYkK9qJIDHCYzQkfUVDFBDhpPlzGTxVygD6EVcVSpirvydSFAgxCTzVmd+56E3F/7x+Iv1LJ6VhnEgS4tkiP2FQRnCaFBxQTrBkE0UQ5lTdCvEIcYSlCqmoQrAWX14m7aph1Y3zu3qpcTWPowCOwQkoAwtcgAa4AU3QAhg8gmfwCt60J+1Fe9c+Zq0r2nzmCPyB9vUDs9if5g==</latexit>

Q ⇠ Q

<latexit sha1_base64="LKWuUGEEjoIaQZleskyoOxYjG7M=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmkosuiG5ct2Ac0oUymk3boTBJmJmIJ/RU3LhRx64+482+ctFlo64GBwzn3cs+cIOFMacf5tkobm1vbO+Xdyt7+weGRfVztqjiVhHZIzGPZD7CinEW0o5nmtJ9IikXAaS+Y3uV+75FKxeLoQc8S6gs8jljICNZGGtrVNvIUE8gTWE8I5ll7PrRrTt1ZAK0TtyA1KNAa2l/eKCapoJEmHCs1cJ1E+xmWmhFO5xUvVTTBZIrHdGBohAVVfrbIPkfnRhmhMJbmRRot1N8bGRZKzURgJvOIatXLxf+8QarDGz9jUZJqGpHloTDlSMcoLwKNmKRE85khmEhmsiIywRITbeqqmBLc1S+vk+5l3W3Ur9qNWvO2qKMMp3AGF+DCNTThHlrQAQJP8Ayv8GbNrRfr3fpYjpasYucE/sD6/AF/PZQc</latexit>

⌦(↵,�) := !(↵Z1 + �Z2, f(Z1;Q) + �Z3)

<latexit sha1_base64="y2IW17Ru6AyrfALDjmhWpqFzbfY="></latexit>

Higher-orderFirst-order

↵gor

<latexit sha1_base64="bX/Vs0fldA5jbCbtUaG/J2F0vhg=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCq5JIRZdFNy4r2Ac0tdxMJ+3QyUyYmQglBPwVNy4Ucet3uPNvnKZZaOuBgcM593LPnCBmVGnX/bZKK6tr6xvlzcrW9s7unr1/0FYikZi0sGBCdgNQhFFOWppqRrqxJBAFjHSCyc3M7zwSqajg93oak34EI05DikEbaWAf+cDiMTykfgR6rMJ0JGSWDeyqW3NzOMvEK0gVFWgO7C9/KHASEa4xA6V6nhvrfgpSU8xIVvETRWLAExiRnqEcIqL6aR4/c06NMnRCIc3j2snV3xspREpNo8BM5iEXvZn4n9dLdHjVTymPE004nh8KE+Zo4cy6cIZUEqzZ1BDAkpqsDh6DBKxNYxVTgrf45WXSPq959drFXb3auC7qKKNjdILOkIcuUQPdoiZqIYxS9Ixe0Zv1ZL1Y79bHfLRkFTuH6A+szx9K25Zc</latexit>

�gor

<latexit sha1_base64="Hs/YHGK/VPt9uLKpne1iCjViuZQ=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4KolUdFl047KCfUATy2Q6aYdOZsLMjVBD8FfcuFDErf/hzr9xmnahrQcGDufcyz1zwoQzDa77bS0tr6yurZc2yptb2zu79t5+S8tUEdokkkvVCbGmnAnaBAacdhJFcRxy2g5H1xO//UCVZlLcwTihQYwHgkWMYDBSzz70Qwr4PvNjDEMdZQOp8rxnV9yqW8BZJN6MVNAMjZ795fclSWMqgHCsdddzEwgyrIARTvOyn2qaYDLCA9o1VOCY6iAr0ufOiVH6TiSVeQKcQv29keFY63Ecmski5Lw3Ef/zuilEl0HGRJICFWR6KEq5A9KZVOH0maIE+NgQTBQzWR0yxAoTMIWVTQne/JcXSeus6tWq57e1Sv1qVkcJHaFjdIo8dIHq6AY1UBMR9Iie0St6s56sF+vd+piOLlmznQP0B9bnD3y9leg=</latexit>

↵� 2⌘ · E[Z1⌦]

<latexit sha1_base64="rqoGM8vJl8PzD23+gxq4DM2/1Zk=">AAACFHicbVDJSgNBEO1xN25Rj14agyCIYUYUPYoieFPBLJgZQk2nkjT2LHTXCGHIR3jxV7x4UMSrB2/+jZ3l4Pag4PFeFVX1wlRJQ6776UxMTk3PzM7NFxYWl5ZXiqtrVZNkWmBFJCrR9RAMKhljhSQprKcaIQoV1sLb04Ffu0NtZBJfUy/FIIJOLNtSAFmpWdzxQaVd4Lt8z0cC7otWQtyPgLphmJ/1GzdNj/sXEXYgaBZLbtkdgv8l3piU2BiXzeKH30pEFmFMQoExDc9NKchBkxQK+wU/M5iCuIUONiyNIUIT5MOn+nzLKi3eTrStmPhQ/T6RQ2RMLwpt5+Ba89sbiP95jYzaR0Eu4zQjjMVoUTtTnBI+SIi3pEZBqmcJCC3trVx0QYMgm2PBhuD9fvkvqe6Vvf3ywdV+6fhkHMcc22CbbJt57JAds3N2ySpMsHv2yJ7Zi/PgPDmvztuodcIZz6yzH3DevwCTnJ1M</latexit>

E[Z1⌦]

<latexit sha1_base64="M5HoUgKx6zXUngvyrKHvmmQvgbU=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZqeiyKII7K9gHzgxDJs20oUlmSDJCGbvwV9y4UMStv+HOvzHTdqHVA4HDOfdyT06UMqq043xZpYXFpeWV8mplbX1jc8ve3mmrJJOYtHDCEtmNkCKMCtLSVDPSTSVBPGKkEw0vCr9zT6SiibjVo5QEHPUFjSlG2kihvedzpAdRlF+OvbvQhf41J30UhHbVqTkTwL/EnZEqmKEZ2p9+L8EZJ0JjhpTyXCfVQY6kppiRccXPFEkRHqI+8QwViBMV5JP8Y3holB6ME2me0HCi/tzIEVdqxCMzWaRV814h/ud5mY7PgpyKNNNE4OmhOGNQJ7AoA/aoJFizkSEIS2qyQjxAEmFtKquYEtz5L/8l7eOaW6+d3NSrjfNZHWWwDw7AEXDBKWiAK9AELYDBA3gCL+DVerSerTfrfTpasmY7u+AXrI9vQTiVnQ==</latexit>

p
(� � 2⌘ · E[Z2⌦])2 + 4⌘2E[⌦2]/⇤

<latexit sha1_base64="/Ol8Z2HqWuaPpxGIRt+f3LgA/pQ="></latexit>

p
E[Z2⌦]2 + (⇤� 1)�1 · (E[⌦2]� E[Z1⌦]2 � E[Z2⌦]2)

<latexit sha1_base64="CWA+fUaQO/+sZo2dR01M+8sFTrE="></latexit>

 If               and                     , then with probability greater than          :

Theorem

n & log(1/�)

<latexit sha1_base64="k0OZcC8SRluABY7pF52jumIRqe4=">AAACBHicbVBNS8NAEN34WetX1GMvi0Wol5pIRY9FLx4r2A9oQtlsN+nSzSbsToRSevDiX/HiQRGv/ghv/hu3bQ7a+mDg8d4MM/OCVHANjvNtrayurW9sFraK2zu7e/v2wWFLJ5mirEkTkahOQDQTXLImcBCskypG4kCwdjC8mfrtB6Y0T+Q9jFLmxySSPOSUgJF6dkliLwLjx9gTSYQrLj7DXp8JIKc9u+xUnRnwMnFzUkY5Gj37y+snNIuZBCqI1l3XScEfEwWcCjYpeplmKaFDErGuoZLETPvj2RMTfGKUPg4TZUoCnqm/J8Yk1noUB6YzJjDQi95U/M/rZhBe+WMu0wyYpPNFYSYwJHiaCO5zxSiIkSGEKm5uxXRAFKFgciuaENzFl5dJ67zq1qoXd7Vy/TqPo4BK6BhVkIsuUR3dogZqIooe0TN6RW/Wk/VivVsf89YVK585Qn9gff4AF3aWdg==</latexit>

⇤ � C

<latexit sha1_base64="+ywGd9mZgUnvIFE44Dpb3c20GSg=">AAAB9XicbVC7TsMwFL0pr1JeBUYWiwqJqUpQEYwVXRgYikQfUhMqx3Faq44TbAdURf0PFgYQYuVf2Pgb3DYDtBzJ0tE55+peHz/hTGnb/rYKK6tr6xvFzdLW9s7uXnn/oK3iVBLaIjGPZdfHinImaEszzWk3kRRHPqcdf9SY+p1HKhWLxZ0eJ9SL8ECwkBGsjXTv3phogJE7oA+o0S9X7Ko9A1omTk4qkKPZL3+5QUzSiApNOFaq59iJ9jIsNSOcTkpuqmiCyQgPaM9QgSOqvGx29QSdGCVAYSzNExrN1N8TGY6UGke+SUZYD9WiNxX/83qpDi+9jIkk1VSQ+aIw5UjHaFoBCpikRPOxIZhIZm5FZIglJtoUVTIlOItfXibts6pTq57f1ir1q7yOIhzBMZyCAxdQh2toQgsISHiGV3iznqwX6936mEcLVj5zCH9gff4AXEeRxw==</latexit>

|↵gor � ↵(✓t+1)| .
✓
log7(1/�)

n

◆1/2

<latexit sha1_base64="zX2E4E/t2iz7mNfFkIHRA/lJg64="></latexit>

|�gor � �(✓t+1)| .
✓
log(1/�)

n

◆1/4

<latexit sha1_base64="/CXA8bXTZdCgpbSDQdp/FyCJzzE="></latexit>

1� �

<latexit sha1_base64="OOxUEPVHNQNvt+5J0UkcfE1s5UY=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4sSRS0WPRi8cK9gPbUDabTbt0swm7E6GU/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmiTTjDdYIhPdDqjhUijeQIGSt1PNaRxI3gqGt1O/9cS1EYl6wFHK/Zj2lYgEo2ilR4+ck27IJdJeqexW3BnIMvFyUoYc9V7pqxsmLIu5QiapMR3PTdEfU42CST4pdjPDU8qGtM87lioac+OPZxdPyKlVQhIl2pZCMlN/T4xpbMwoDmxnTHFgFr2p+J/XyTC69sdCpRlyxeaLokwSTMj0fRIKzRnKkSWUaWFvJWxANWVoQyraELzFl5dJ86LiVSuX99Vy7SaPowDHcAJn4MEV1OAO6tAABgqe4RXeHOO8OO/Ox7x1xclnjuAPnM8fHDKP6g==</latexit>

and .

Explicit one-step prediction for general class of models and methodsPart II

Fully non-asymptotic result, parallel component concentration requires additional argument



III: Convergence guarantees

↵

<latexit sha1_base64="a7YqkBbA1xhFAP7RlPgy5wTlbxw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66Lq1aqX97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI4ZjyA=</latexit>

�

<latexit sha1_base64="GmQ8gpHDbR/zaLrYtPjo00gqMnw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHuX9auHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGbo6s</latexit>

G

<latexit sha1_base64="4UPtFwgQXv37ejA9kdLDg05a6co=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiC11WsA9sh5JJb9vQTGZIMkIZ+hduXCji1r9x59+YaWehrQcCh3PuJeeeIBZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESqHVCNgktsGG4EtmOFNAwEtoLxTea3nlBpHskHM4nRD+lQ8gFn1FjpsRtSMwqC9HbaK1fcqjsDWSZeTiqQo94rf3X7EUtClIYJqnXHc2Pjp1QZzgROS91EY0zZmA6xY6mkIWo/nSWekhOr9MkgUvZJQ2bq742UhlpPwsBOZgn1opeJ/3mdxAyu/JTLODEo2fyjQSKIiUh2PulzhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqnVcv7s8rteu8jiIcwTGcggeXUIM7qEMDGEh4hld4c7Tz4rw7H/PRgpPvHMIfOJ8/r0CQ7w==</latexit>

Phase III

Phase I Phase II

�(✓) = kP?
✓⇤✓k2

<latexit sha1_base64="I9/qHx7X2GNowHO4tvRc2ipKrJI="></latexit>

↵(✓) = h✓,✓⇤i

<latexit sha1_base64="F+0h8D0eP7K1Kkz6XKqrLys8dOA=">AAACQXicbVA9SwNBFNzz2/gVtbRZDIKKhDtRtBFEG0sFo4FcDO82L8ni3t6x+04IR/6ajf/Azt7GQhFbGzcxhR8ZWHaYecO+nShV0pLvP3lj4xOTU9Mzs4W5+YXFpeLyypVNMiOwIhKVmGoEFpXUWCFJCqupQYgjhdfR7Wnfv75DY2WiL6mbYj2GtpYtKYCc1ChWQ1BpBzbDKFFN243dlYfUQYLeFj/ioQLdVshH2DujxJttHppBpFEs+WV/AP6fBENSYkOcN4qPYTMRWYyahAJra4GfUj0HQ1Io7BXCzGIK4hbaWHNUQ4y2ng8a6PENpzR5KzHuaOID9Wcih9j2N3WTMVDH/vX64iivllHrsJ5LnWaEWnw/1MoUp4T36+RNaVCQ6joCwki3KxcdMCDIlV5wJQR/v/yfXO2Wg73y/sVe6fhkWMcMW2PrbJMF7IAdszN2zipMsHv2zF7Zm/fgvXjv3sf36Jg3zKyyX/A+vwBwtbIC</latexit>

O(n�1/2)

<latexit sha1_base64="DsEfhKcULLEzJUA14UtdEcpDuJw=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJliEurAmpaLLoht3VrAPaGOZTKft0MkkzEyEEgL+ihsXirj1O9z5N07aLLT1wMDhnHu5Z44XMiqVbX8buaXlldW1/HphY3Nre8fc3WvKIBKYNHDAAtH2kCSMctJQVDHSDgVBvsdIyxtfp37rkQhJA36vJiFxfTTkdEAxUlrqmQddH6kRRiy+TUr8IT51zirJSc8s2mV7CmuROBkpQoZ6z/zq9gMc+YQrzJCUHccOlRsjoShmJCl0I0lChMdoSDqacuQT6cbT+Il1rJW+NQiEflxZU/X3Rox8KSe+pyfTsHLeS8X/vE6kBpduTHkYKcLx7NAgYpYKrLQLq08FwYpNNEFYUJ3VwiMkEFa6sYIuwZn/8iJpVspOtXx+Vy3WrrI68nAIR1ACBy6gBjdQhwZgiOEZXuHNeDJejHfjYzaaM7KdffgD4/MH9pCU1g==</latexit>

—deviations on parallel component crucial!



III: Convergence guarantees

Natural parameter estimation metrics can be expressed in terms of state only:

\(✓,✓⇤) = tan�1(�/↵)

<latexit sha1_base64="/k5pGi4WD4bz15NonSDKUiE6VrI="></latexit>

k✓ � ✓⇤k2 =
p

(1� ↵)2 + �2

<latexit sha1_base64="TKyzlJoxRC3yjlDlckSvzB97j7g="></latexit>

⇣ = (↵, �)

<latexit sha1_base64="uYStxtPgTpaOht1N8ZngLgCF834=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICWRim6EohuXFewDmlBuJpN26OTBzESooT/gxl9x40IRt+7d+TdO2i60emCYwzn3cu89XsKZVJb1ZRQWFpeWV4qrpbX1jc0tc3unJeNUENokMY9FxwNJOYtoUzHFaScRFEKP07Y3vMr99h0VksXRrRol1A2hH7GAEVBa6pkHjhdzX45C/WXOPVUwxhe44gBPBnCMHU8rRz2zbFWtCfBfYs9IGc3Q6Jmfjh+TNKSRIhyk7NpWotwMhGKE03HJSSVNgAyhT7uaRhBS6WaTa8b4UCs+DmKhX6TwRP3ZkUEo84V1ZQhqIOe9XPzP66YqOHczFiWpohGZDgpSjlWM82iwzwQlio80ASKY3hWTAQggSgdY0iHY8yf/Ja2Tql2rnt7UyvXLWRxFtIf2UQXZ6AzV0TVqoCYi6AE9oRf0ajwaz8ab8T4tLRiznl30C8bHN3xVmyo=</latexit>

Gordon state evolution operator: Sgor : (↵, �) 7! (↵gor, �gor)

<latexit sha1_base64="B157LNMKuFn7GrBDcTrLNDVjuxY="></latexit>

Sgor

<latexit sha1_base64="c7bq9FpWVAre3mvCyEtbWADEmdQ=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVRKp6LLoxmVF+4A2lMl00g6dTMLMRCgh4MZfceNCEbf+hDv/xmmahbYeGDhzzr3ce48fc6a043xbS8srq2vrpY3y5tb2zq69t99SUSIJbZKIR7LjY0U5E7Spmea0E0uKQ5/Ttj++nvrtByoVi8S9nsTUC/FQsIARrI3Utw97IdYjgnl6l/XT/KOCdBjJLOvbFafq5ECLxC1IBQo0+vZXbxCRJKRCE46V6rpOrL0US80Ip1m5lygaYzLGQ9o1VOCQKi/Nb8jQiVEGKIikeUKjXP3dkeJQqUnom8p8yXlvKv7ndRMdXHopE3GiqSCzQUHCkY7QNBA0YJISzSeGYCKZ2RWREZaYaBNb2YTgzp+8SFpnVbdWPb+tVepXRRwlOIJjOAUXLqAON9CAJhB4hGd4hTfryXqx3q2PWemSVfQcwB9Ynz9tlpiu</latexit>

c · d(⇣) + "/2  d(Sgor(⇣))  C · d(⇣) + "

<latexit sha1_base64="EKAZhsk7Y0PGMYjseC25Bgw6wFA="></latexit>

c · [d(⇣)]⇠ + "/2  d(Sgor(⇣))  C · [d(⇣)]⇠ + "

<latexit sha1_base64="9lhYMrgpyZQw5J3MACE4DWUAxJw="></latexit>

Linear:

Superlinear:

c · d(⇣) + "/2  d(Sgor(⇣))  C · d(⇣) + "

<latexit sha1_base64="EKAZhsk7Y0PGMYjseC25Bgw6wFA="></latexit>

c · [d(⇣)]⇠ + "/2  d(Sgor(⇣))  C · [d(⇣)]⇠ + "

<latexit sha1_base64="9lhYMrgpyZQw5J3MACE4DWUAxJw="></latexit>

d(Sgor(⇣))

<latexit sha1_base64="yIETn1GSaDq/kIuLlfiQLzmVoW0=">AAACI3icbVDLSsNAFJ3UV62vqEs3wSK0m5JIRXFVdOOyon1AE8pkMmmHTjJhZiLUkH9x46+4caEUNy78FydpBG29MMzhnHu55x43okRI0/zUSiura+sb5c3K1vbO7p6+f9AVLOYIdxCjjPddKDAlIe5IIinuRxzDwKW4506uM733gLkgLLyX0wg7ARyFxCcISkUN9Us7gHIs/MRLazlEkCZ36TD54UeMp0pyGfXENFBfYj9iCdN6fahXzYaZl7EMrAJUQVHtoT6zPYbiAIcSUSjEwDIj6SSQS4IoTit2LHAE0QSO8EDBEAZYOEl+Y2qcKMYzfMbVC6WRs78nEhiIzKDqzJ0vahn5nzaIpX/hJCSMYolDNF/kx9SQzMgCMzzCMZJ0qgBEnCivBhpDDpFUsVZUCNbiycuge9qwmo2z22a1dVXEUQZH4BjUgAXOQQvcgDboAASewAt4A+/as/aqzbSPeWtJK2YOwZ/Svr4BHIemZg==</latexit>

d(Sgor(⇣))

<latexit sha1_base64="yIETn1GSaDq/kIuLlfiQLzmVoW0=">AAACI3icbVDLSsNAFJ3UV62vqEs3wSK0m5JIRXFVdOOyon1AE8pkMmmHTjJhZiLUkH9x46+4caEUNy78FydpBG29MMzhnHu55x43okRI0/zUSiura+sb5c3K1vbO7p6+f9AVLOYIdxCjjPddKDAlIe5IIinuRxzDwKW4506uM733gLkgLLyX0wg7ARyFxCcISkUN9Us7gHIs/MRLazlEkCZ36TD54UeMp0pyGfXENFBfYj9iCdN6fahXzYaZl7EMrAJUQVHtoT6zPYbiAIcSUSjEwDIj6SSQS4IoTit2LHAE0QSO8EDBEAZYOEl+Y2qcKMYzfMbVC6WRs78nEhiIzKDqzJ0vahn5nzaIpX/hJCSMYolDNF/kx9SQzMgCMzzCMZJ0qgBEnCivBhpDDpFUsVZUCNbiycuge9qwmo2z22a1dVXEUQZH4BjUgAXOQQvcgDboAASewAt4A+/as/aqzbSPeWtJK2YOwZ/Svr4BHIemZg==</latexit>



Example: Global convergence of AM for phase retrieval

(a) The Gordon state evolution update converges in L2 superlinearly with  
 
exponent         within the local region       to level                        .

(b) If            , then with probability at least                    :

(c) Suppose                             and                                   . Then for some

                      , we have                w.p. greater than           . 

Theorem

Sample-splitting results in logarithmic blowup in total sample size

Parallel results for mixtures of regressions (angular not L2, AM converges linearly)

" = �
p

d/n

<latexit sha1_base64="AsIb8u0m762ABPboPnoOSK4zIos=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJqSSoCBakChbGItGH1ESV4zitVdsJtlOpijqy8CssDCDEyiew8Te4bQZoOdLVPTrnXtn3BAmjSjvOt1VYWl5ZXSuulzY2t7Z37N29popTiUkDxyyW7QApwqggDU01I+1EEsQDRlrB4Gbit4ZEKhqLez1KiM9RT9CIYqSN1LUPvSGSJFGUxQJeQU/RHkemPUidhadi3LXLTsWZAi4SNydlkKPetb+8MMYpJ0JjhpTquE6i/QxJTTEj45KXKpIgPEA90jFUIE6Un00PGcNjo4QwiqUpoeFU/b2RIa7UiAdmkiPdV/PeRPzP66Q6uvQzKpJUE4FnD0UpgzqGk1RgSCXBmo0MQVhS81eI+0girE12JROCO3/yImmeVdxq5fyuWq5d53EUwQE4AifABRegBm5BHTQABo/gGbyCN+vJerHerY/ZaMHKd/bBH1ifP4/fmbE=</latexit>

G

<latexit sha1_base64="4UPtFwgQXv37ejA9kdLDg05a6co=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiC11WsA9sh5JJb9vQTGZIMkIZ+hduXCji1r9x59+YaWehrQcCh3PuJeeeIBZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESqHVCNgktsGG4EtmOFNAwEtoLxTea3nlBpHskHM4nRD+lQ8gFn1FjpsRtSMwqC9HbaK1fcqjsDWSZeTiqQo94rf3X7EUtClIYJqnXHc2Pjp1QZzgROS91EY0zZmA6xY6mkIWo/nSWekhOr9MkgUvZJQ2bq742UhlpPwsBOZgn1opeJ/3mdxAyu/JTLODEo2fyjQSKIiUh2PulzhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqnVcv7s8rteu8jiIcwTGcggeXUIM7qEMDGEh4hld4c7Tz4rw7H/PRgpPvHMIfOJ8/r0CQ7w==</latexit>

3/2

<latexit sha1_base64="Z8Fm27mmBFz8I3bj2HPz57FWey8=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw84S5i9Ej04hGjPBLYkNmhFybMzm5mZk0I4RO8eNAYr36RN//GAfagYCWdVKq6090VJIJr47rfzsrq2vrGZm4rv72zu7dfODhs6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4O/WbT6g0j+WjGSXoR7QvecgZNVZ6uDgvdwtFt+TOQJaJl5EiZKh1C1+dXszSCKVhgmrd9tzE+GOqDGcCJ/lOqjGhbEj72LZU0gi1P56dOiGnVumRMFa2pCEz9ffEmEZaj6LAdkbUDPSiNxX/89qpCa/9MZdJalCy+aIwFcTEZPo36XGFzIiRJZQpbm8lbEAVZcamk7cheIsvL5NGueRVSpf3lWL1JosjB8dwAmfgwRVU4Q5qUAcGfXiGV3hzhPPivDsf89YVJ5s5gj9wPn8AXa+NNA==</latexit>

✓ 2 G

<latexit sha1_base64="J5/+znAp8j1+609z8PK3a/aMrnM=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4vgqiSi6LLoQpcV7AOaUCaTSTt0MgkzN0IJ2bvxV9y4UMStP+DOv3HSdqGtF4Y5nHMv99zjJ4JrsO1vq7Syura+Ud6sbG3v7O5V9w86Ok4VZW0ai1j1fKKZ4JK1gYNgvUQxEvmCdf3xdaF3H5jSPJb3MEmYF5Gh5CGnBAw1qNZcPxaBnkTmy1wYMSA5drnEbkRg5PvZTT6o1u2GPS28DJw5qKN5tQbVLzeIaRoxCVQQrfuOnYCXEQWcCpZX3FSzhNAxGbK+gZJETHvZ9JYcHxsmwGGszJOAp+zviYxEurBrOguHelEryP+0fgrhpZdxmaTAJJ0tClOBIcZFMDjgilEQEwMIVdx4xXREFKFg4quYEJzFk5dB57ThnDXO787qzat5HGV0hGroBDnoAjXRLWqhNqLoET2jV/RmPVkv1rv1MWstWfOZQ/SnrM8fwWCbgA==</latexit>

1� 2Tn�10
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Optimization-theoretic consequences for nonconvex model-fittingPart III



Global convergence prediction
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Alternating minimization for phase retrieval
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No sample-splitting
Sample-splitting

Comparison: No sample-splitting



Zooming out: A vignette

Key “meta” observation: Nonconvex optimization can be reduced to iterative
convex M-estimation in high dimensions

Drawback of Gordon approach: Suboptimal non asymptotic guarantees that
necessitate additional work to prove global convergence

Are there other ways to arrive at deterministic predictions with optimal 
concentration rates?

Question

yi = hxi,µ
? i · hzi,⌫

?i+ ✏i

<latexit sha1_base64="o5wsoOho+LepzKjmDZ1wTeIXs5Y="></latexit>

xi, zi ⇠ N (0, I)

<latexit sha1_base64="Qre4yf2eDU7epKYizCFq1B8lGqw=">AAACL3icbVDLSsNAFJ3UV62vqEs3g0WoICWRii6LguhGKtgHNCFMJtN26OTBzESsIX/kxl/pRkQRt/6FkzYL23phmMM593LPPW7EqJCG8a4VlpZXVteK66WNza3tHX13ryXCmGPSxCELecdFgjAakKakkpFOxAnyXUba7vAq09uPhAsaBg9yFBHbR/2A9ihGUlGOfm25IfPEyFdf8pQ69AT+ZZ4VAy1BfWj5SA4wYsldWjFmm27TY0cvG1VjUnARmDkog7wajj62vBDHPgkkZkiIrmlE0k4QlxQzkpasWJAI4SHqk66CAfKJsJPJvSk8UowHeyFXL5Bwwv6dSJAvMm+qM3Mt5rWM/E/rxrJ3YSc0iGJJAjxd1IsZlCHMwoMe5QRLNlIAYU6VV4gHiCMsVcQlFYI5f/IiaJ1WzVr17L5Wrl/mcRTBATgEFWCCc1AHN6ABmgCDFzAGH+BTe9XetC/te9pa0PKZfTBT2s8vMrOqVQ==</latexit>

Rn(µ,⌫) =
1

n

nX

i=1

(yi � hxi,µi · hzi,⌫i)2

<latexit sha1_base64="cOW9+rZoJ1+NXPn2XLSuhwmb4Io="></latexit>

⌫t+1 = arg min
⌫2Rd

1

n

nX

i=1

(yi � hxi,µti · hzi,⌫i)2

<latexit sha1_base64="jsPo82ItDSFM71ZAGVTggZTZ9KM="></latexit>

µt+1 = arg min
µ2Rd

1

n

nX

i=1

(yi � hxi,µi · hzi,⌫t+1i)2

<latexit sha1_base64="1WnO1EafMzcaAs5Z6lUQadoANas="></latexit>

Also other popular higher-order 
methods, e.g., composite optimization



RMT-based prediction for AM in rank one bilinear sensing
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Ratio (tangent of angle) converges
linearly from random init. to noise floor

Analysis enabled by “direct”, optimal, 
non-asymptotic concentration bound

 If               and                     , then with probability greater than          :

Theorem

n & log(1/�)

<latexit sha1_base64="k0OZcC8SRluABY7pF52jumIRqe4=">AAACBHicbVBNS8NAEN34WetX1GMvi0Wol5pIRY9FLx4r2A9oQtlsN+nSzSbsToRSevDiX/HiQRGv/ghv/hu3bQ7a+mDg8d4MM/OCVHANjvNtrayurW9sFraK2zu7e/v2wWFLJ5mirEkTkahOQDQTXLImcBCskypG4kCwdjC8mfrtB6Y0T+Q9jFLmxySSPOSUgJF6dkliLwLjx9gTSYQrLj7DXp8JIKc9u+xUnRnwMnFzUkY5Gj37y+snNIuZBCqI1l3XScEfEwWcCjYpeplmKaFDErGuoZLETPvj2RMTfGKUPg4TZUoCnqm/J8Yk1noUB6YzJjDQi95U/M/rZhBe+WMu0wyYpPNFYSYwJHiaCO5zxSiIkSGEKm5uxXRAFKFgciuaENzFl5dJ67zq1qoXd7Vy/TqPo4BK6BhVkIsuUR3dogZqIooe0TN6RW/Wk/VivVsf89YVK585Qn9gff4AF3aWdg==</latexit>
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and .

El Karoui et al. ’12-’18

|�det � �(µt+1)| .
✓
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n
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|↵det � ↵(µt+1)| .
✓
polylog(n/�)

n

◆1/2

<latexit sha1_base64="5GrIK4w+gJvvWfYRQmWVxj74cNQ="></latexit>



Open 
questions

• Removing the sample-splitting assumption
• Weakening the Gaussianity assumption
• Using sharp upper and lower bounds for “algorithmic” model-selection and 

hyperparameter tuning
• Broadly applicable machinery of reducing to iterative convex M-estimation: 

Can this say anything about your favorite model-fitting algorithm?

• The population method can mis-predict efficiency in model-fitting
• Sharp characterizations of convergence behavior for iterative 

algorithms as well as statistical accuracy post-convergence.
• Key properties:
• Each iteration is solution to convex optimization problem
• Data is Gaussian conditioned on the past

Takeaways

Sharp global convergence guarantees for iterative nonconvex optimization 
with random data, with Chandrasekher and Thrampoulidis (under revision in 
Annals of Statistics)

Higher order methods for rank one bilinear sensing: Random initialization 
and sharp predictions, with Chandrasekher and Lou (coming soon)



Backup



Example derivation: AM for phase retrieval

✓t+1 = arg min
✓2Rd

1

n
·

nX

i=1

(yi � sign(hxi,✓ti) · hxi,✓i)2

=

 
1

n

nX

i=1

xix
>
i

!�1 
1

n

nX

i=1

sign(hxi,✓ti) · xiyi

!

<latexit sha1_base64="zOnO3CiXgjC7lA9jZk0vOtSTzfw="></latexit>

= arg min
✓2Rd

1p
n
kX✓ � diag(sign(X✓t)) · yk2

<latexit sha1_base64="r4uLq5MxCiDYvOTdpKQirDqeT4s="></latexit>

Step 1: Write an iteration as 
solution to convex program; then 
write objective in bilinear form

✓t+1 = arg min
✓2Rd

L(✓;✓t,X,y)

<latexit sha1_base64="oDahmtaXO06NBY8hTeVerUWpGp4="></latexit>

Variational form/Fenchel conjugate

min
✓2Rd

L(✓;✓t,X,y)
(d)
= min

u2U
max
v2V

hv,Gui+Q(u,v)

<latexit sha1_base64="W1h+DyQ5LdjtPJfHVNUxfwFD1xM="></latexit>

St = span(✓⇤,✓t)

<latexit sha1_base64="0mha77uKXrq0BhI8QRrKE/5q1UU=">AAACKnicbVDLSgMxFM3UV62vqks3wSJUkTIjFd0IVTcuK1otdOqQSTNtaCYzJHeEMvR73PgrbrpQils/xPSx0LYHQg7n3Mu99/ix4Bpse2hllpZXVtey67mNza3tnfzu3pOOEkVZjUYiUnWfaCa4ZDXgIFg9VoyEvmDPfvd25D+/MqV5JB+hF7NmSNqSB5wSMJKXv37wAF9hNyTQ0UGqYyL7RdePREv3QvOlLnQYkP7LySleIHtw7OULdskeA88TZ0oKaIqqlx+4rYgmIZNABdG64dgxNFOigFPB+jk30SwmtEvarGGoJCHTzXR8ah8fGaWFg0iZJwGP1b8dKQn1aEVTOT5p1huJi7xGAsFlM+UyToBJOhkUJAJDhEe54RZXjILoGUKo4mZXTDtEEQom3ZwJwZk9eZ48nZWccun8vlyo3EzjyKIDdIiKyEEXqILuUBXVEEVv6AN9oi/r3RpYQ+t7Upqxpj376B+sn18j4qhb</latexit>

min
✓2Rd

max
kvk21

hv,XP?
St
✓i+ hv,XP St✓i � hv, diag(sign(X✓t)) · yi

<latexit sha1_base64="ou4Wk+KH8i0YcrbZGqyBcEqizrA="></latexit>

min
✓2Rd

max
kvk21

kvk2 · h�d,P
?
St
✓i+ kP?

St
✓k2 · hv,�ni

+ hv,XP St✓i � hv, diag(sign(X✓t)) · yi

<latexit sha1_base64="MoHA6CNtYfaB0Ek8IENMDFT9Gkc="></latexit>

Step 2: Invoke CGMT to replace 
matrix of Gaussians with two vectors

min
✓2Rd

L(✓;✓t,X,y) ⇡ min
u2U

max
v2V

kvk2 · h�d,ui+ kuk2 · h�n,vi+Q(u,v)

<latexit sha1_base64="pUSgXliGDpNM6ZoB2DbjC6e059s="></latexit>

min
✓2Rd

L(✓;✓t,X,y) ⇡ min
u2U

max
v2V

kvk2 · h�d,ui+ kuk2 · h�n,vi+Q(u,v)

<latexit sha1_base64="pUSgXliGDpNM6ZoB2DbjC6e059s="></latexit>

min
✓2Rd

L(✓;✓t,X,y) ⇡ min
u2U

max
v2V

kvk2 · h�d,ui+ kuk2 · h�n,vi+Q(u,v)

<latexit sha1_base64="pUSgXliGDpNM6ZoB2DbjC6e059s="></latexit>

=: min
✓2Rd

L(✓;✓t,�d,�n)

<latexit sha1_base64="uYUr83J19R2BqyczrREbouZlY4s="></latexit>

Gordon ’85, ’88 Stojnic ’13 Thrampoulidis, Oymak, Hassibi ’15



sign(↵tZ1 + µtZ2) · |Z1|

<latexit sha1_base64="dDb8Sg3Su5bPjs3cMcMoOBj7UCI=">AAACHHicbVDLSsNAFJ34tr6iLt0MFqEilMQHuiy6calgbbEJYTKZtIOTSZi5EUraD3Hjr7hxoYgbF4J/4zR2odUDA4dz7uXOOWEmuAbH+bSmpmdm5+YXFitLyyura/b6xrVOc0VZk6YiVe2QaCa4ZE3gIFg7U4wkoWCt8PZs5LfumNI8lVfQz5ifkK7kMacEjBTYB15CoKfjQvOuHNY8IrIeCQDfBC7ew16Sl3x/F3s0SgEPjD4I7KpTd0rgv8Qdkyoa4yKw370opXnCJFBBtO64TgZ+QRRwKtiw4uWaZYTeki7rGCpJwrRflOGGeMcoEY5TZZ4EXKo/NwqSaN1PQjNZRpn0RuJ/XieH+MQvuMxyYJJ+H4pzgSHFo6ZwxBWjIPqGEKq4+SumPaIIBdNnxZTgTkb+S6736+5h/ejysNo4HdexgLbQNqohFx2jBjpHF6iJKLpHj+gZvVgP1pP1ar19j05Z451N9AvWxxe0FqB4</latexit>

O(�4
t )

<latexit sha1_base64="prI/G0u1BgMmYk5EBk5m9pUbJDM=">AAAB/3icbVDLSsNAFJ3UV62vqODGTWgRKkJJpKLLoht3VrAPaGKYTKft0MmDmRshxC78B7/AjQtF3Pob7vo3TtoutPXAwOGce7lnjhdxJsE0x1puaXlldS2/XtjY3Nre0Xf3mjKMBaENEvJQtD0sKWcBbQADTtuRoNj3OG15w6vMbz1QIVkY3EESUcfH/YD1GMGgJFc/sH0MA4J5ejMq2x4F7MJ99djVS2bFnMBYJNaMlGpF++R5XEvqrv5td0MS+zQAwrGUHcuMwEmxAEY4HRXsWNIIkyHu046iAfapdNJJ/pFxpJSu0QuFegEYE/X3Rop9KRPfU5NZWjnvZeJ/XieG3oWTsiCKgQZkeqgXcwNCIyvD6DJBCfBEEUwEU1kNMsACE1CVFVQJ1vyXF0nztGJVK2e3qo1LNEUeHaIiKiMLnaMaukZ11EAEPaIX9IbetSftVfvQPqejOW22s4/+QPv6AYsMmMU=</latexit>

O(�3
t )

<latexit sha1_base64="J/skBP55gRT1hsrOaZCdoSJ3pxY=">AAAB/3icbVDLSsNAFJ3UV62vqODGTWgRKkJJfKDLoht3VrAPaGKYTCft0MmDmRuhxC78B7/AjQtF3Pob7vo3TtoutPXAwOGce7lnjhdzJsE0R1puYXFpeSW/Wlhb39jc0rd3GjJKBKF1EvFItDwsKWchrQMDTluxoDjwOG16/avMbz5QIVkU3sEgpk6AuyHzGcGgJFffswMMPYJ5ejMs2x4F7ML9yaGrl8yKOYYxT6wpKVWL9tHzqDqoufq33YlIEtAQCMdSti0zBifFAhjhdFiwE0ljTPq4S9uKhjig0knH+YfGgVI6hh8J9UIwxurvjRQHUg4CT01maeWsl4n/ee0E/AsnZWGcAA3J5JCfcAMiIyvD6DBBCfCBIpgIprIapIcFJqAqK6gSrNkvz5PGccU6rZzdqjYu0QR5tI+KqIwsdI6q6BrVUB0R9Ihe0Bt61560V+1D+5yM5rTpzi76A+3rB4mHmMQ=</latexit>

Step 4: Use growth conditions 
on the losses to make 
statements about minimizers.

Step 3: Scalarize: Obtain equiv. 
low-dimensional problem, solve

min
✓2Rd

L(✓;✓t,�d,�n) = min
⇣2R3

Ln(⇣; ⇣t,�d,�n)

<latexit sha1_base64="GDMRaCDd3jQBYy6TXoGYVpTZuho="></latexit>

min
✓2Rd

L(✓;✓t,�d,�n) = min
⇣2R3

Ln(⇣; ⇣t,�d,�n)

<latexit sha1_base64="GDMRaCDd3jQBYy6TXoGYVpTZuho="></latexit>

⇡

<latexit sha1_base64="SRWvNz75D1yL3QwbjEKbvp2ANO8=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVih6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDWrVy/tapX6Tx1GEEziFcwjgCupwBw1oAoExPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5X6j74=</latexit>

min
↵,µ
⌫�0

✓
� ⌫p

⇤
+
p

E(⌦t � ↵Z1 � µZ2 � ⌫Z 0)2
◆

+

<latexit sha1_base64="Se3Dffx0X6z9WJUCsqPOf0BeAeY="></latexit>

⇡

<latexit sha1_base64="SRWvNz75D1yL3QwbjEKbvp2ANO8=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVih6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDWrVy/tapX6Tx1GEEziFcwjgCupwBw1oAoExPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5X6j74=</latexit>

min
✓2Rd

 
�
kP?

St
✓k2kP?

St
�dk2p

n
+ kdiag(sign(X✓t)) · y �XP St✓ � kP?

St
✓k2 · �nk2

!

+

<latexit sha1_base64="agYKmpynAEgGo0G5gB5f76FyMIc="></latexit>

n!1! L(⇣; ⇣t)

<latexit sha1_base64="f9oHAUgYfw0O58rbdJP1Dy2ZQYk="></latexit>

↵t+1 = 1� 1

⇡
(2�t � sin(2�t))

<latexit sha1_base64="lCBpa12zw4Sbswx4VFUInbrEJbU="></latexit>

�t+1 =

s
4

⇡2
sin4(�t) +

1� (1� 1
⇡ (2�t � sin(2�t)))2 � 4

⇡2 sin
4(�t)

⇤� 1

<latexit sha1_base64="UMxp+P2ZNc1lT0JD55ZpNZPh/cQ="></latexit>

St = span(✓⇤,✓t)

<latexit sha1_base64="0mha77uKXrq0BhI8QRrKE/5q1UU=">AAACKnicbVDLSgMxFM3UV62vqks3wSJUkTIjFd0IVTcuK1otdOqQSTNtaCYzJHeEMvR73PgrbrpQils/xPSx0LYHQg7n3Mu99/ix4Bpse2hllpZXVtey67mNza3tnfzu3pOOEkVZjUYiUnWfaCa4ZDXgIFg9VoyEvmDPfvd25D+/MqV5JB+hF7NmSNqSB5wSMJKXv37wAF9hNyTQ0UGqYyL7RdePREv3QvOlLnQYkP7LySleIHtw7OULdskeA88TZ0oKaIqqlx+4rYgmIZNABdG64dgxNFOigFPB+jk30SwmtEvarGGoJCHTzXR8ah8fGaWFg0iZJwGP1b8dKQn1aEVTOT5p1huJi7xGAsFlM+UyToBJOhkUJAJDhEe54RZXjILoGUKo4mZXTDtEEQom3ZwJwZk9eZ48nZWccun8vlyo3EzjyKIDdIiKyEEXqILuUBXVEEVv6AN9oi/r3RpYQ+t7Upqxpj376B+sn18j4qhb</latexit>

µ =
h✓,P?

✓⇤✓ti
kP?

✓⇤✓tk2

<latexit sha1_base64="AUVh4qf0NJHcWdHiVmI1s9Bgzbs="></latexit>

⌫ = kP?
St
✓k2

<latexit sha1_base64="usHYjU8okp3Hb3DuKaQk5nqJXs8=">AAACJXicbVBNSwMxEM36bf1a9eglWARPZVcqelAoevFY0arQrUs2ndrQbHZJZoWy9s948a948WARwZN/xfTjoK0PQh7vzTAzL0qlMOh5X87M7Nz8wuLScmFldW19w93cujFJpjnUeCITfRcxA1IoqKFACXepBhZHEm6jzvnAv30EbUSirrGbQiNmD0q0BGdopdA9CVRGT2nwRIMokU3Tje2XV3v3QQo6DfOrEHt/rADbgMxqT+FB6Ba9kjcEnSb+mBTJGNXQ7QfNhGcxKOSSGVP3vRQbOdMouIReIcgMpIx32APULVUsBtPIh1f26J5VmrSVaPsU0qH6uyNnsRksaStjhm0z6Q3E/7x6hq3jRi5UmiEoPhrUyiTFhA4io02hgaPsWsK4FnZXyttMM4422IINwZ88eZrcHJT8cunwslysnI3jWCI7ZJfsE58ckQq5IFVSI5w8k1fyTvrOi/PmfDifo9IZZ9yzTf7A+f4B796mLg==</latexit>

�2 = µ2 + ⌫2

<latexit sha1_base64="Kzyrf65jPI+r90etrsZIAV1i90Y=">AAACAHicbVDLSgMxFM3UV62vURcuFAkWQRDKTFF0IxTduGzBPqAzlkyaqaFJZkgyQhm6EfwSNy4UcVf8DHd+gz9h+lho64FwD+fcy809Qcyo0o7zZWXm5hcWl7LLuZXVtfUNe3OrpqJEYlLFEYtkI0CKMCpIVVPNSCOWBPGAkXrQvRr69XsiFY3Eje7FxOeoI2hIMdJGatk7XkA0ui3CC+jxxNRj6AlTW3beKTgjwFniTki+tDeofD/uD8ot+9NrRzjhRGjMkFJN14m1nyKpKWakn/MSRWKEu6hDmoYKxIny09EBfXholDYMI2me0HCk/p5IEVeqxwPTyZG+U9PeUPzPayY6PPdTKuJEE4HHi8KEQR3BYRqwTSXBmvUMQVhS81eI75BEWJvMciYEd/rkWVIrFtyTwmnFpHEJxsiCXXAAjoALzkAJXIMyqAIM+uAJvIBX68F6tt6s93FrxprMbIM/sD5+AMb0mE0=</latexit>

↵ = h✓,✓⇤i

<latexit sha1_base64="8Bbgg/xtgiVbttzRGa8GxG4LVo8=">AAACLHicbVDLSgNBEJz1bXxFPXoZDIKIhF1R9CKIXjwqmChkY+iddJLB2dllplcISz7Ii78iiAdFvPodTh4HjWkYpqjqorsrSpW05Psf3tT0zOzc/MJiYWl5ZXWtuL5RtUlmBFZEohJzF4FFJTVWSJLCu9QgxJHC2+jhoq/fPqKxMtE31E2xHkNby5YUQI5qFC9CUGkH+CkPFei2Qh5GiWrabuy+PKQOEvT2J5H3ezw0A0ujWPLL/qD4fxCMQImN6qpRfA2bichi1CQUWFsL/JTqORiSQmGvEGYWUxAP0MaagxpitPV8cGyP7zimyVuJcU8TH7C/HTnEtr+p64yBOnZc65OTtFpGrZN6LnWaEWoxHNTKFKeE95PjTWlQkOo6AMJItysXHTAgyOVbcCEE4yf/B9WDcnBYPro+LJ2dj+JYYFtsm+2ygB2zM3bJrliFCfbEXtg7+/CevTfv0/satk55I88m+1Pe9w9FF6ji</latexit>

↵gor
t+1

<latexit sha1_base64="lmaeT8T0YQjRo0lZhh2LcEz5qwA=">AAACBnicbVDLSsNAFJ3UV62vqEsRBosgCCWRii6LblxWsA9oYphMJ+3QyUyYmQglZOXGX3HjQhG3foM7/8Zp2oW2HrhwOOde7r0nTBhV2nG+rdLS8srqWnm9srG5tb1j7+61lUglJi0smJDdECnCKCctTTUj3UQSFIeMdMLR9cTvPBCpqOB3epwQP0YDTiOKkTZSYB96iCVDdJ95MdJDFWUDIfM8yDQ8hW4e2FWn5hSAi8SdkSqYoRnYX15f4DQmXGOGlOq5TqL9DElNMSN5xUsVSRAeoQHpGcpRTJSfFW/k8NgofRgJaYprWKi/JzIUKzWOQ9NZHDvvTcT/vF6qo0s/ozxJNeF4uihKGdQCTjKBfSoJ1mxsCMKSmlshHiKJsDbJVUwI7vzLi6R9VnPrtfPberVxNYujDA7AETgBLrgADXADmqAFMHgEz+AVvFlP1ov1bn1MW0vWbGYf/IH1+QNou5kT</latexit>

�gor
t+1

<latexit sha1_base64="lzvJduS5ZtT2C1APjdq+YJZp30U=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBZBEEoiFV0W3bisYB/QxDCZTtqhkwczN0IJ2bjxV9y4UMSt/+DOv3GadqGtBy4czrmXe+/xE8EVWNa3UVpaXlldK69XNja3tnfM3b22ilNJWYvGIpZdnygmeMRawEGwbiIZCX3BOv7oeuJ3HphUPI7uYJwwNySDiAecEtCSZx46PgNynzkhgaEKskEs89zLAJ9iO/fMqlWzCuBFYs9IFc3Q9Mwvpx/TNGQRUEGU6tlWAm5GJHAqWF5xUsUSQkdkwHqaRiRkys2KL3J8rJU+DmKpKwJcqL8nMhIqNQ593VkcO+9NxP+8XgrBpZvxKEmBRXS6KEgFhhhPIsF9LhkFMdaEUMn1rZgOiSQUdHAVHYI9//IiaZ/V7Hrt/LZebVzN4iijA3SETpCNLlAD3aAmaiGKHtEzekVvxpPxYrwbH9PWkjGb2Ud/YHz+AJc9mJ8=</latexit>

�t = tan�1(�t/↵t)

<latexit sha1_base64="L3c29bKk2wtWMLagaJ4rdgGOEgE=">AAACD3icbZC7SgNBFIZn4z3eopY2g0HRwrgrEW0E0cYyglEhG8PZyWx2yOzsMnNWCEvewMZXsbFQxNbWzrdxcim8/TDw8Z9zOHP+IJXCoOt+OoWJyanpmdm54vzC4tJyaWX1yiSZZrzOEpnomwAMl0LxOgqU/CbVHOJA8uugezaoX99xbUSiLrGX8mYMHSVCwQCt1Spt+WkkWkiPqY+gbvNdr7/tBxzBenvUB5lGFndapbJbcYeif8EbQ5mMVWuVPvx2wrKYK2QSjGl4borNHDQKJnm/6GeGp8C60OENiwpibpr58J4+3bROm4aJtk8hHbrfJ3KIjenFge2MASPzuzYw/6s1MgyPmrlQaYZcsdGiMJMUEzoIh7aF5gxlzwIwLexfKYtAA0MbYdGG4P0++S9c7Ve8auXgolo+OR3HMUvWyQbZJh45JCfknNRInTByTx7JM3lxHpwn59V5G7UWnPHMGvkh5/0Lr0mbLw==</latexit>


