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Conditional expectation and stochastic optimization
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Motivation
Conditional expectation and stochastic optimization

Problem (Stochastic
optimization) 8

Solve -

)r(’rg)r}fo(x) =Ef(x,Y).
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Problem (Optimal control: Hamilton—Jacobi—Bellman)

c(x, Xey1,u)
vi(x) =suplE Xe=x];
t(x) up ( Y ver1(Xer1) |7F

Problem (Time series, learning)

Predict the next X;11, given the history window X, ..., X;_g.
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Outline

© Deriving RKHS from stochastics
@ Gaussian random fields
@ Traditional realization
@ Representation as RKHS function

© Predictions from Gaussian processes
@ Conditional Gaussians
o Conditional Gaussians, applied to RKHS

© Perspective from stochastic optimization
@ Stochastic optimization problem
@ Denoising
@ Order of convergence
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© Deriving RKHS from
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@ Gaussian random fields
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Gaussian random fields
Method |I: Feature map

Let pk: X — R be functions, o, € R. Set

f(x)=2%20 okpr(x),

xeX
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Gaussian random fields
Method |I: Feature map

Let pk: X — R be functions, o, € R. Set
F(x) =R oékokek(x), xeX ,weq,

with & NN(O,].) iid. Note, that &, =0 and E&i& = . It
follows that IEf(x) =0 and

cov (f(x), f(y))=Tilooz k(X)) ek(y), X,y € X.
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Gaussian random fields
Method |I: Feature map

Let px: X — R be functions, o4 € R. Set
f(x) =2iZoékokpk(x), xeX we,
with & NN(O,].) iid. Note, that &, =0 and E&i& = . It

follows that IEf(x) =0 and

k(x,y) = cov (f(x), f(y))=Xiloozok(x)ekly), xyeX.

Hence,

f(x1) 0 k(xi,x1) ... k(x1,%n)
N :

f(xn) 0 k(xn,x1) ... k(xn,Xn)

ﬂgn particular, f(x) ~N(0, 32202 ox(x)?).
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Example

Gaussian like (polynomial, radial) feature map

Example (RBF)

2 2
Feature map: ¢i(x) = (/e)*- e /?¢ 62 = L
~ realization 1 ==
- realization 2 —— _
realization 3
15 - realization 4 _
. realization 5

TECHNISCHE UNIVERSITAT
CHEMNITZ

A. Pichler RKHS




Example

Gaussian like (polynomial, radial) feature map

Example (RBF)

2 2
Feature map: ox(x) == (x/e)<- e /2%, 0% = %
realization 1 ==
2 - \\ realization 2 —— _
realization 3
15 - realization 4 _
: \ realization 5

-1.5 L 1 1 1 1 J

0 0.2 0.4 0.6 0.8 1

z =ex —ix— z
k(XvY):kZ:%UkSOk(X)SOk(Y)— p( Tl y))
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Example

Example

1
Feature map: ¢y (x) == V2 sin ((k — E)wx), oK =

(k-

k(x,y) = o ei(x) pr(y)=min(x,y)
k=1

1

2
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Example

Example

1
Feature map: ¢y (x) == V2 sin ((k— E)ﬂ‘X), Ok = —1—

k(x,y) = ot i(x) pr(y)= min(x,y)
k=1
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Example
Wiener process

Example

Feature map: @x(x) = v/25sin ((k——)wx) oK =

Zai Pr(x) pily
k=1

k(X7y) =

)=

(k— )T

min(x,y)

realization 1 ==
realization 2 ——
realization3 ——

realization 4
realization 5 -
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Example
Brownian bridge

Example

Choose @k(x) :=v/2sin (kmx), o

k(x,y) = min(x,y)

1
k= kr

—xy =Y ofou(x) ok

(v)

realization 1 =—

realization 2 _
realization 3
realization 4

reajm
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Outline

© Deriving RKHS from
stochastics

@ Traditional realization
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Gaussian random fields
Method Il: Gramian

If & ~N(0,1) are iid and
k(x1,x1) ... k(x1,xn)
K= : : =o'
k(xnyx1) ... k(Xn,%n)

(for example ® = K*/2), then

&1
X=p+®| [ ~N(uK).
&n
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Gaussian random fields
Method Il: Gramian

If & ~N(0,1) are iid and

k(x1,x1) ... k(x1,xn)
K= : : =o'
k(xnyx1) ... k(Xn,%n)

(for example ® = K*/2), then

S
X=p+®| [ ~N(uK).
&n
We find the realization
f(x1)
_ =X~ N(0,K).
f(xn)
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Example

Fractional Brownian motion
Choose 2k(x,y) = x?" 4 y?H — |x — y|?H

Example

Hurst index H = 0.8:7 increments are positively correlated

1.5 - -
1- R -
realization 4
0.5 — realization 5

.15 I I I I
0 0.2 0.4 0.6 0.8 1

9The Wiener process has Hurst index H = 1/2.
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Example

Fractional Brownian motion

Choose 2k(x,y) = x* 4 y?H —|x — y|?H
Example

Hurst index H = 0.2: increments are negatively correlated

2 - realization 1
realization 2 ——
1.5 -

W%ealizati n
I

A. Pichler RKHS 12



Outline

© Deriving RKHS from
stochastics

@ Representation as RKHS
function
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Gaussian random fields
Method I1l: RKHS representation

k(xi,x1) ... k(x1,%n)
With Gramian K := : : , choose the
k(xpyx1) ..o k(XnyXn)
weights?
w~N(0,K™1)
and set

f() = Z wi - k(-,X,')
i=1

B UIn data science, the matrix K1 is the precision matrix.
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Gaussian random fields
Method I1l: RKHS representation

k(xi,x1) ... k(x1,%n)
With Gramian K = : : , choose the
k(xpyx1) ..o k(XnyXn)
weights?
w~N(0,K™1)
and set
f() = Z wi - k(-, ;)
i=1
Proposition
Then
f(x1)
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Gaussian random fields
Method I1l: RKHS representation

k(xi,x1) ... k(x1,%n)
With Gramian K := : : , choose the
k(xpyx1) ..o k(XnyXn)
weights?
w~N(0,K™1)
and set

ZW, -,Xi) € Hi: RKHS, with (k(,x),k(-,y)), = k(x,y)

Proposition
Then
f(x1)
: ~N(0,K).
f(xn)

B UIn data science, the matrix K1 is the precision matrix.
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2D process visualizations

Example

Choose the radial Gaussian kernel?

k(x,y) =0 -exp (=[x —y|?/£)

N=ORNW
NROFRNW

?This is a Matérn-co covariance kernel: all derivatives available everywhere
a.s.
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2D process visualizations

Laplace (Ornstein—Uhlenbeck) Matérn

Sigmoid Gauss
A. Pichler RKHS 16



Outline

@ Conditional Gaussians

© Predictions from Gaussian
processes

ey A. Pichler RKHS 17



Conditional Gaussians are Gaussian

/

Theorem (Cf. [Bishop, 2006])
Suppose that

()~ (1) (i ).
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Conditional Gaussians are Gaussian

/
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Suppose that
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Conditional Gaussians are Gaussian

Theorem (Cf. [Bishop, 2006])
Suppose that

()~ (1) (i ).

then the conditional distribution is
Gaussian as well:

+ Kxy Koy (Y — iy)
X|Y ~ N[ X yyi! ’
| ( Kxx — Kxy Kyy Kyx

A. Pichler RKHS 18



Outline

@ Conditional Gaussians,
applied to RKHS

© Predictions from Gaussian
processes
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Now RKHS

Signal + noise: predictions
Suppose that
fi = fo(%;)+e.

Let X = (X1, ,Xm) € X™ and X = (x1,...,x,) € X" be sequences
of points and € ~ A/(0,A) independent. The joint distribution is

(f(J()A()>N I <0> K(XX) k(X.X)
f(X) 07 \k(X,X) k(X,X)+A] |

A. Pichler RKHS
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Now RKHS

Signal + noise: predictions
Suppose that
fi = fo(%)+e.

Let X = (X1, ,Xm) € X™ and X = (x1,...,x,) € X" be sequences
of points and € ~ A/(0,A) independent. The joint distribution is

(f(J()A()>N I <0> K(XX) k(X.X)
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It follows that
fo(X) | £(X) ~ N (i, K),

where
= k(X, X) (k(X,X)+A)"LF(X)

and

K = k(X,X) = k(X, X) (k(X,X)+A) "1 k(X, X).
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Now RKHS

Signal + noise: predictions
Suppose that
fi = fo(%)+e.

Let X = (X1, ,Xm) € X™ and X = (x1,...,x,) € X" be sequences
of points and € ~ A/(0,A) independent. The joint distribution is
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It follows that
fo(X) | £(X) ~ N (1, K),

where
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Quality of the predictor

Example
fo
06 X X " samples f  x
0.4 - « x x f .
range
02} . -
0 ]
XX
-0.2 - i
-04 %;g; X 1
-0.6 - x i
-0.8 ! | X | |
-3 -2 -1 0 1 2 3

The local variance

var (fo(x)| F(X1) = A,.... f(Xn) =)
= k(x,x) — k(x, X) (k(X,X)+A) "1 k(X,x).

ggloes not depend on the samples f;!

R PTeRIET
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Stochastic filtering

Linear predictor

In other words, the prediction for a single new point x is
E(fo()| f(x1) = fi,...,f(xn) = ) Zw, k(- xi),

where W solves the linear system of equations

n

k(xi,x))+Nj)w;=f, i=1,...,n.
Z( d i) Wi
j=1

veRsiTh A. Pichler RKHS



Stochastic filtering

Linear predictor

In other words, the prediction for a single new point x is
E(fh(:)|f(xa)=f,....f(xa) =) = Z Wi - k(- xi),
i=1

where W solves the linear system of equations

n

k(xi,x;))+Nj)w;=Ff, i=1,...,n.
Z( 9 i) Wi
j=1
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Stochastic filtering

Linear predictor

In other words, the prediction for a single new point x is
E(fh(:)|f(xa)=f,....f(xa) =) = Z Wi - k(- xi),
i=1

where W solves the linear system of equations

n

Z(k(x,-,xj)+/\,-j) wi=Ff, i=1,...,n.
j=1

The variance is
var (f(x)| f(X1) = fi, ..., F(Xn) = ;)
= k(x,x) — k(x, X) (k(X, X) +A) "L k(X, x).

If A=0, then var (f5(X;)| F(X:) = fi,...,f(Xn) = ) =0.
S

A. Pichler RKHS



Filtering and splines
Kriging models

Remark (Relation to kriging)
Kriging ...
@ ... employs an unknown variogram instead of k,

@ ... assumes a radial variogram,

o ... estimates the variogram, or the parameters in a parametric
model;

o typically, the error vanishes, A =0.

@ Design points X; are known

TECHISCHE UNVERSITRY A. Pichler RKHS



Outline
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© Perspective from
stochastic optimization
@ Stochastic optimization
problem
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Estimator

Problem

For (X;,f;) € X x R C R? x R iid. observations with X; ~ P (the
design measure) we study the estimator

A 1. .
fn() = ;ZW;/((‘,X;),
=

where

A. Pichler RKHS 25



Now RKHS

Worst case analysis: Generalization (learning) theory, cf.
[Steinwart and Christmann, 2008]

Remark (Relation of norms)
lgll2 < llglloo < Ck-llgllx

More precisely,

lgllz < IKI7>-llgllk and  |g(x)] < \/k(x:x)-llg]lx-

Remark (L2-norm, |-||x regularization)
Usual results consider the expected risk,

2
£(g(1)) =E(f—g(X))" =If —g(X)I%

ne

P(E(f:) — E(fzm) > ¢€) <N<H,];\ﬂ> e 300m2

Eivhere |f| < M and N balls, each radius 15, cover H.

**** A. Pichler RKHS J
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Mean (integrated) squared error ... — _
Density estimation, cf. [Tsybakov, 2008] ’

@ Locally, at x € X,

mse £,(x) = B (F(x) — fo(x))

2
“ 2 ‘1" h X domain
= ( bias fn(x)) + var fp(x).

@ Or globally (L? risk function),
o 5 2
mise f, = E/d(fn(x) — fo(x))" dx
R
or / mse (72(x)) p(x) dx = E[1},() — (3.
Rd
e For convergence in (Hg,| - ||x) and thus uniform convergence,

E|[fa(-) = fo()I%-

A. Pichler RKHS 27



Mean (integrated) squared error ... — _
Density estimation, cf. [Tsybakov, 2008] ’

@ Locally, at x € X,

mse £,(x) = B (F(x) — fo(x))

2
“ 2 ‘1" h X domain
= ( bias fn(x)) + var fp(x).

@ Or globally (L? risk function),
mise f, := E/d(?n(x) ~ f(x))% dx
R
or / mse (72(x)) p(x) dix = E[|7a() ()3
Rd
e For convergence in (Hg,| - ||x) and thus uniform convergence,

E|[fa(-) = fo()I%-
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Mean (integrated) squared error ... —
Density estimation, cf. [Tsybakov, 2008] ’

@ Locally, at x € X,

mse #p(x) = (?n(x) - fO(X))z‘

L
-0.5 0 0.5

— (bias IA‘,,(X))2-|-var-lA‘,,(x).
@ Or globally (L? risk function),
mise , == ]E/Rd(?,,(x) — r‘o(x))2 dx
or [ mse (1)) plx) dx = EllFn() = () 3

@ For convergence in (Hy,|| - |x) and thus uniform convergence,

A. Pichler RKHS



Smoothing splines
Predictions in RKHS: f;--- +— i tn

Theorem (Representer theorem [Scholkopf et al., 2001])
The solution of the problem

. _ il
Yp:=  min ;Zﬂ(ﬁ,ﬁ\(X;))—i—)\Hf,\(’)Hi
() €Hi =1

takes the form .,

w; - k(- Xi).
i=1

S|

For {(x,y) = (x —y)?, the weights are W = (A + %K)_lf.

V.

Proposition (1), is downwards biased, cf. [Norkin et al., 1998])
It holds that (irrespective of {(-))

e Ed, <Edpq <0*.

HE UNIVERSITRI A Pichler RKHC 4
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N

The expectation of f,
BLU Predictions

1.2

Ifo T NX T T T
1 % .
08 L samplesF x |
0.6 - flsample 7]
0.4 |- X i
0.2 - x N |
0+ x X x X B
0.2 x X, XX %K « <
04 xx X x .
-0.6 X B

-0.8 ! ol | | | |
-3 -2 -1 0 1 2 3 4

A. Pichler RKHS 29



Design measure, empirical
BLU Predictions

-0.8

fo
samples
f

flsample

XX

0.8 -

0.6

0.4

0.2

-0.2
-0.4

fo
samples
f

flsample

-1

-0.5

flsample

fo
samples
f

fo
samples
£

flsample

TECHNISCHE UNIVERSITAT
CHEMNITZ

0.5
X exponential

X Gaussian
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Law of Large Numbers, LLN

Predictions: f; +— 1y

Remark
Consider the random variable (X, f) ~ P and the problem

0" = minE (f - ACX))+ AlIR2
yl

and note that

0" =B (f — (X))” +min E(6(X) ~ 6(X) "+ M1 Al
—_— Al

By Doob-Dynkin, fo(x) =E(f | X = x).

TECHIS 0
©
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Remark
Consider the random variable (X, f) ~ P and the problem

0" = minE (f - ACX))+ AlIR2
yl

and note that

0" =B (f — (X))” +min E(6(X) ~ 6(X) "+ M1 Al
—_— Al

irreducible

By Doob-Dynkin, fo(x) =E(f | X = x).
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Now RKHS

The limit: f; <— fy <— £

Proposition
The solution of

rfn(ir;E(fo(X)—fA(X))2+A||fA||i
(-
is

f)\ = KW)\, where ()\/‘i‘ K)W/\ = fb:
where

Perd) — /X k(x.y) w(y) P(dy).

Proposition
It holds that fy — f, = Aw), and

lfo—Allk < CoA

V.

TECHIS 0
©
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Now RKHS

The limit: f; <— fy <— £

Proposition
The solution of

,fn(ir;E(fo(X)—fA(X)>2+A||fA||i
(-
is

f)\ = KW)\, where ()\/‘i‘ K)W/\ = ﬁ):
where

Perd) — /X k(x.y) w(y) P(dy).

Proposition
It holds that fy — f, = Aw), and

lfo—Allk < CoA

V.
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Now RKHS

The limit: f; <— fy <— £

Proposition
The solution of

,fn(ir;E(fo(X)—fA(X)>2+A||fA||i
(-
is

f)\ = KW)\, where ()\/‘i‘ K)W/\ = fb:
where

Perid) — /X k(x.y) w(y) P(dy).

Proposition
It holds that fy — f, = Aw), and

lfo—fllk < CoA

V.
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Nystrom method

Integral equation

Remark (Inhomogeneous Fredholm equation of the second
kind)
Suppose that

Nin(x) + plx)- [ kCx,y) () dy = p(x) - ()

then
60 = [ Kxy) in(y)dy

satisfies
M+K)h =K.

A. Pichler RKHS 33



Outline
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© Perspective from
stochastic optimization

@ Denoising

A. Pichler
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Denoising
Tight relation between noise and weights

Conjecture
The noise f; and the weights W; are related/ correlated
observations f —>—
08 MW ——
e
0.6 -
0.4
02 !
0F A »
0.2 |- W
0.4 |
-0.6 -
_0'8 1 1 1 1 1 1 1
-3 -2 -1 0 1 2 3 4
1 n
AW+ = k(X X)Wy = f;
y N ) Wj
n“
Jj=1
recun A (X)) A. Pichler

RKHS |
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Denoising: the predictor 7‘,,(-)

fi s fo i & fo — F

Dc-afmltlon Theorem (Unbiased)
With
Then
_ fi—A(X)
= corr(fi, wi| X =x) =1

set and, for every x € X,

. 1 - 7

F() = ;Zk(-,X,-)W,-. Efy(x) = fi(x).

i=1 ‘
v
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Denoising: the predictor 7‘,,(-)

fi s fo i & fo — F

Dc-afmltlon Theorem (Unbiased)
With
Then
_ fi—A(X)
= corr(fi, ;| X =x) =1

set and, for every x € X,

. 1 - 7

F() = ;Zk(-,X,-)W,-. Efy(x) = fi(x).

i=1 ‘
v
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Denoising: the predictor ?,,(-)

i fy 5 F > fn +——

Definition Theorem (Unbiased)
With
Then
. fi— (X))
= corr(fi, wi| X =x) =1

set and, for every x € X,

. it 7

() = = SO k(X)W E fo(x) = fi(x).

iz ’

v

Ele(X,X;) —E=- kaX)E(L‘X)

= =SN"Ek(x, X; ’
n; (%, Xi) \

- =Ek(x, Xi) wA(Xj) = Kwy(x) = Ai(x)
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Now RKHS

i fy > F > o +——

Theorem (Consistency for heteroscedastic data)
Further,

. 2
E[[6() - ()|, =
where

1

€= /X ((f(x) = A(x))? +var(f] ) ) k(x, x)P(dx) = | [}

Here, the data are possibly heteroscedastic,

var(F]x) = B ((f = (X))*| X = x).

A. Pichler
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Now RKHS

i fy > F > o +——

Theorem (Consistency for heteroscedastic data)
Further,

. 2
E[[6() - ()|, =
where

1

€= /X ((f(x) = A(x))? +var(f]x) ) k(x, x)P(dx) = | [}

bias
Here, the data are possibly heteroscedastic,

var(F[x) = B ((f - £(X))*| X = x).
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Now RKHS

i fy 5 F —> o +——

Proposition (Consistency)

° ) P :1 . . 1-
F() = () n;n(ﬂ K). (%),
150 RO =7 (A2 K) K (AT K)
where T, = (F(X;) - “n(x,)),":1

A. Pichler RKHS 38



Now RKHS

i fy 5 F —> o +——

Proposition (Consistency)

B0~ b= (0 1K) ),
j=1
150 RO =7 (A2 K) K (AT K)

where ¥, = ( o

Th
—~
x
~
3
o)
&
N—r
~——
‘l 3>
-

Theorem
I || Proof
E|f, — f PR
)\3 ’ 1 —1l 1 —1 i
(A+3K) BK(A+3K) <o
in some cases even
@Hf —hl2 < 5.

< A. Pichler

RKHS
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Now RKHS

i fy 5 F —> o +——

Proposition (Consistency)

B0~ b= (0 1K) ),
j=1
150 RO =7 (A K) 2K (At k)

where ¥, = ( o

Th
—~
x
~
3
o)
&
N—r
~——
‘l 3>
-

Theorem

7 2 3
Blf -l < 522, X

4\

(A+%K)_1%K(A+%K)_l <=

in some cases even

- Rl <

< A. Pichler
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Order of convergence
f,-<—>f0<—>f)\<—>?,,<—>?,,

lfi — foll irreducible

Io-Al <GX

Elf-Flf <5

G
347
2
2

>
3>

E|[f,— full%

INIA
N

>

3

Theorem (Unbiased)
If Ay = O(n™"?), then

E|f() — ()} = 0(n~%).

For the best constant, an
oracle is needed.

A. Pichler
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Precision analysis: fy & H
Histogram of n\||f,(-) — ?,,()H%(

08 samplég _ 0.1018 0.0407 (n=10000)
f|sample 12
0.6 - [y
F
0.4 10
02 A 8
ok
6
02k
4
04}
06 2
08 L L L L 0 I ! | | ) )
-3 -2 -1 0 1 2 0.05 0.1 0.15 0.2 0.25 03
n=1000,A =0.01 n=10000,A=0.1
0.1328+0.0411 (n=1000) 0.1222: 0.0426 (n=1000)
14
10
2
8
10
8 6
6
4
s
2
2F
0 . . . . . I 0 . . . . . . .
005 0.1 0.15 02 025 03 0.05 01 0.15 02 025 03 035
n=1000,A =0.01 n=1000,A = 0.001
T A. Pichler RKHS
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Precision analysis (cont): fy € H
Histogram of \/n||fo(-) — #,(-)||2 for Ap=n""?

1.366 0.334 (n=10000)

fo ——
_samples
1.5 - flsample 14
S
f— 12
1k
1
05 08
ok 06
04
205k
02
1 . . . . . . o )
-1.5 -1 -0.5 0 0.5 1 5 0 0.5
n=1000
1.17140.197 (total: 1000) = 35
25+ 3
2k 25
2
15
15
s
1
05 -
05
0 . | . . . o . .
06 0.8 1 . 16 18 06 07 08

0.9928+ 0,148 (total: 100)
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nu; 1600(1)1 12 13 14
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Consistency
Employing Markov’s inequality

Proposition (Weak consistency)
For e > 0 it holds that fo(x) = E[f | X = x]

P(If—Fllk>e) =0

as n— oo (convergence in probability).

Proposition

Consistency of Op: it holds that

P(l9* =D > ) >0

A. Pichler RKHS
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Risk

Incorporate risk aversion
Quantile estimation employs the loss function
= [ <o
a-y if y >0.
The expectile
eq(X) = argmin, g E4o (X — x),

the only elicitable risk functional, which is coherent — employs the
loss function

/¢ ( )._ —(l—a)y2 ifySO,
V= a-y? if y >0.

A. Pichler RKHS
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Risk

Incorporate risk aversion
Quantile estimation employs the loss function
= [ <o
a-y if y >0.
The expectile
eq(X) = argmin, g E4o (X — x),

the only elicitable risk functional, which is coherent — employs the
loss function

Ea(}/) — {—(1—04)y2 IfySOa

a-y? if y >0.
The conditional expectile is
ea(x) = argming, (y Ea (F = H(X)) + A A0k

with discretized version

R . 1
LB a()=agming ) - La(fi= (X)) AIAC)IE

P A. Pichler RKHS
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Conditional improvements

Eigenvalues

Theorem
Assume the spectrum of the matrix K decays exponentially, i.e.,
there are constants « and (8 such that

agj S ae‘ﬁi.

Then

2
|Og n O max

pn)\ 2)\2 nptl

max

#|s

holds for all p > 1. Moreover, for \,, = -5~ it holds that

v/n
1 n N 2 2 |ogn O-r%ax
E nZWi k( 7)(,) <O'maXC]_W+C2 f
i=1 k
A and ¢ = =2
4pc 2c=

A. Pichler RKHS
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Remarks and follow-up questions

Invitation for future work

]
siTk1

The results do not depend on the dimension.

Risk: the expectile is an M-estimator and consistent with this
type of optimization,

cf. [Dentcheva and Lin, 2021]

Further implications on machine learning: different loss
functions ¢

Bandwidth selection

What is the limiting distribution of n-|[|f,(-) — A (-)|?

Correct order of convergence in special cases

Implications on the stochastic optimization problem

minEf(x,Y)
XEX

for smooth functions
Implications on multistage programs and HJB

time series analysis, machine learning: predict X:;1, given the
past observations X,..., X;_y.
ANOVA

A. Pichler RKHS
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Analysis of variance (ANOVA)

Signal + noise: lterations on variables

Observations (X, f;), where f; = fo(Xi1,..., Xiq) +¢:

fo(x1,...,xq)+e=EFf +¢&o
feRr

veRsiTh A. Pichler

RKHS
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Analysis of variance (ANOVA)

Signal + noise: lterations on variables

Observations (X, f;), where f; = fo(Xi1,..., Xiq) +¢:

Bxt,-.oxa) +e = EF
feRr
—|—E(f’X1 :Xl)—l-“-—l—E(f’Xd:Xd) +ée1
— ~——

?1(X1) Fa(xq)

n
Here, IA‘,() = Z w; k(+, Xi), where
/=1

AW+ Y k(Xi, Xe) e = £ =Y F(X)).
(féﬂ ‘ (=1 j<i
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Analysis of variance (ANOVA)

Signal + noise: lterations on variables

Observations (X, f;), where f; = fo(Xi1,..., Xiq) +¢:

o, xa) +e = Ef

feRr
+E(f|X1 = x1) +-- + E(f| Xq = xq)
— —

7?1(X1) Fa(xq)
+) EB(f1Xi = xi, Xj = x;) +e2
i<j -
fU(Xi:Xj)

n
Here, fi(-) = Z Wi k(-, Xi), where
=1

AW+ Y k(Xi, Xe) e = £ =Y F(X)).
T ﬁ ) (=1 j<i
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Nonlinear time series
Predictions based on temporal lag ¢

Observations
X07 s 7Xt—£—17Xt—87 0o 'Xf7Xt+1 7Xt+27 s 7XI17

where
Xt+1 = f(Xt_[, Ce ,Xt) +e.

Temperatur~ Luftdruck Niederschlag - Wind -
Temperatur

3 Jul 4Jul s Jul 6.Jul 7 Jul 8 Jul 9 Jul 10.Jul 11 Jul 12 Jul
30°C

25°C

20°C

Vi
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Nonlinear time series
Predictions based on temporal lag ¢

Observations
X07 cee 7Xt—£—17Xt—E7 00 'Xt7-7Xt+27 cee 7XI17

where
Xt+1 = f(Xt_[, Ce ,Xt) +e.

Temperatur~ Luftdruck Niederschlag - Wind -
Temperatur

3 Jul 4Jul s Jul 6.Jul 7 Jul 8 Jul 9 Jul 10.Jul 11 Jul 12 Jul
30°C

25°C

20°C

Vi
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Nonlinear time series
Predictions based on temporal lag ¢

Observations
X07 cee 7Xt—£—17Xt—E7 00 'Xt7-7Xt+27 cee 7XI17

training

Bl = r(Xeeo Xe) +e

Temperatur~ Luftdruck Niederschlag - Wind -

where

Temperatur

3 Jul 4Jul s Jul 6.Jul 7 Jul 8 Jul 9 Jul 10.Jul 11 Jul 12 Jul
30°C

25°C

20°C

TECHNISCHE UNIVERSITAT
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Nonlinear time series
Predictions based on temporal lag ¢

Observations

X07 cee 7Xt—[—l)Xt—Z7 0o 'Xt7-7Xt+2) cee 7XI77

training

where
Xt+1 = f(Xf—f7 s 7Xt) +e.

Here,

an

F(xty0) =3 wtk((x_g,...,xo),(xt_g,...,xt)),
t=1
where

Nt D (Xt Xe): (Xt ) iy = K.

j=1

A. Pichler RKHS
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Thank youl!
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