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Optimization for machine learning

min
θ∈Rd

n∑
i=1

Fi(θ)

For example
Fi(θ) = `(f(xi, θ),yi) +

1

n
R(θ)
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Typical questions

min
θ∈Rd

n∑
i=1

Fi(θ)

F ′s: smooth, (strongly) convex, composite (e.g. F = E+ R)?

First order methods: accelerated, stochastic, coordinate-wise, distributed (. . . )?
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But where do the Fi’s come from?
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Learning from data

Given (xi,yi)
n
i=1 �nd f : X→ Y s.t. f(x) ∼ y
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Function models

f(x) = f(x, θ)

Linear parameterization
f(x, θ) = 〈θ,Φ(x)〉

Non linear parameterization

f(x, θ) = 〈w,σ(Wx)〉 , θ = (w,W)
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Data model

yi = f(xi, θ∗) + δi

I δ =
√∑

i δ
2
i is the noise level

I xi are deterministic distinct but arbitrarily close

I ∃R : Rd → R s.t.
R(θ∗) 6 r∗
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Uh-Oh

R(θ∗) 6 r∗

Neither θ∗ nor r∗ are known!
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Enter regularization

θ̂λ = argmin
θ∈Rd

n∑
i=1

`(f(xi, θ),yi) + λR(θ), λ > 0
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Rationale

θ̂λ = argmin
θ∈Rd

n∑
i=1

`(f(xi, θ),yi) + λR(θ), λ > 0

(stability)

≈

θλ = argmin
θ∈Rd

n∑
i=1

`(f(xi, θ), f(xi, θ∗)) + λR(θ), λ > 0

(approximation)

↓ λ→ 0

θ†∗ = argmin
θ∈Rd

R(θ), s.t. f(xi, θ) = f(xi, θ∗)
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Stability and approximation
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Back to optimization

min
θ∈Rd

n∑
i=1

Fi(θ)

For example
Fi(θ) = `(f(xi, θ),yi) +

λ

n
R(θ)
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Recap

The problem

Given (xi,yi)
n
i=1 estimate θ†∗ = argmin

θ∈Rd
R(θ), s.t. f(xi, θ) = f(xi, θ∗)

Classic approach
1. (somebody) designs and studies the Fi’s

2. (somebody else) computes a solution

θ̂t+1 = θ̂t+1 − γt∇Fit(θ̂t)

15
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There are (at least) two caveats....
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(1) Tuning

θ̂λ = argmin
θ∈Rd

n∑
i=1

`(f(xi, θ),yi) + λR(θ), λ > 0

I The regularization parameter λ is not known and needs be �xed . . .

I . . . this requires solving multiple optimization problems!
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(2) Stability with no regularization

Empirically solutions are o�en stable also when λ = 0!

18



Outline

Optimization in ML

Learning from data

A least squares interlude

Where we are at

19



Interlude

f(x, θ) = 〈θ, x〉 `(a,y) = (a− y)2 R(θ) = ‖θ‖2
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Explicit regularization

θ̂λ = argmin
θ∈Rd

n∑
i=1

(〈xi, θ〉− yi)2 + λ‖θ‖2, λ > 0

≈ δ

λ

θλ = argmin
θ∈Rd

n∑
i=1

(〈xi, θ〉− 〈xi, θ∗〉)2 + λ‖θ‖2, λ > 0

≈ λ‖θ∗‖

θ†∗ = argmin
θ∈Rd

‖θ‖, s.t. 〈xi, θ〉 = 〈xi, θ∗〉

21



Explicit regularization

θ̂λ = argmin
θ∈Rd

n∑
i=1

(〈xi, θ〉− yi)2 + λ‖θ‖2, λ > 0

≈ δ

λ

θλ = argmin
θ∈Rd

n∑
i=1

(〈xi, θ〉− 〈xi, θ∗〉)2 + λ‖θ‖2, λ > 0

≈ λ‖θ∗‖

θ†∗ = argmin
θ∈Rd

‖θ‖, s.t. 〈xi, θ〉 = 〈xi, θ∗〉

21



Explicit regularization

θ̂λ = argmin
θ∈Rd

n∑
i=1

(〈xi, θ〉− yi)2 + λ‖θ‖2, λ > 0

≈ δ

λ

θλ = argmin
θ∈Rd

n∑
i=1

(〈xi, θ〉− 〈xi, θ∗〉)2 + λ‖θ‖2, λ > 0

≈ λ‖θ∗‖

θ†∗ = argmin
θ∈Rd

‖θ‖, s.t. 〈xi, θ〉 = 〈xi, θ∗〉

21



Implicit (!?) regularization

θ̂t+1 = θ̂t − γ∇
n∑
i=1

(〈
xi, θ̂t

〉
− yi

)2

≈ tδ

θt+1 = θt − γ∇
n∑
i=1

(〈xi, θt〉− 〈xi, θ∗〉)2

≈ ‖θ∗‖
t

θ†∗ = argmin
θ∈Rd

‖θ‖, s.t. 〈xi, θt〉 = 〈xi, θ∗〉
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Convergence & stability

The family of solutions (θ̂t)t behaves much like (θ̂λ)λ with t ∼ 1/λ
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Back to the caveats

θ̂t ≈
tδ

θt →
‖θ†∗‖
t

θ†∗

I # iterations plays the role of the regularization parameter

I the iterates are biased towards small norms
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Some context

I Iterative regularization: classic in inverse problems since the 50’s

I Implicit regularization: recent trend in machine learning

I Inexact optimization: but the perturbations are non vanishing (!)
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Some perspectives

1. Beyond GD (acceleration, stochastic gradients...)

2. Beyond Euclidean regularization

3. Beyond least squares

4. Beyond deterministic da models

5. Beyond linear models

27



(1) Beyond GD: acceleration

θ̂t ≈
t2δ

θt →
‖θ†∗‖
t2

θ†∗

I trade-o� between convergence and stability

I same accuracy in less iterates

Compare with Mert’s talk + check out results from the 80’ s.

[Nemirovski, Polyak ’86, Nemirovski ’86]
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Acceleration illustrated
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(2) Beyond Euclidean norms

θ†∗ = argmin
θ∈Rd

R(θ), s.t. X̂θ = X̂θ∗︸︷︷︸
∼ŷ

R = J+ α
2 ‖·‖

2 str. convex

θ̂t = Proxα−1J

(
−α−1X̂T Θ̂t

)
Θ̂t+1 = Θ̂t + γ

(
X̂θ̂t − ŷ

)
Dual GD aka MD
[ Matet, R., Villa, Vu ’18]

R convex e.g. R = ‖·‖1

θ̂t+1 = ProxτR
(
θ̂t − τX̂

T
(
2Θ̂t − Θ̂t−1

))
Θ̂t+1 = Θ̂t + σ

(
X̂θ̂t+1 − ŷ

)
Prima-Dual Hybrid Gradient
[Massias, Molinari, R., Villa ’21]

See also [Osher, Burger et al. ’05, Guneskar et al. ’18, Rebeschini et. ’19]
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∼ŷ

R = J+ α
2 ‖·‖

2 str. convex

θ̂t = Proxα−1J

(
−α−1X̂T Θ̂t

)
Θ̂t+1 = Θ̂t + γ

(
X̂θ̂t − ŷ
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(3) Beyond least squares: classification

θ̂† = argmin
θ∈Rd

‖θ‖, s.t. 〈xi, θ〉yi > 1

⇔

θ̂+ = argmax
θ∈Rd

min
i=1,...,n

〈xi, θ〉yi, s.t. ‖θ‖ = 1

Min norm ⇔ max margin

31
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(3) Beyond least squares: classification (cont.)

θ̂† = argmin
θ∈Rd

‖θ‖, s.t. 〈xi, θ〉yi > 1

I for `(a,y) = log(1+ e−ya) GD converges sub-linearly in direction

θ̂t

‖θ̂t‖
→ θ̂†

‖θ̂†‖
= θ̂+

[Soudry et al. ’18]
I for `(a,y) = max{1− ya, 0} a dual diagonal iteration converges linearly

θ̂t → θ̂†

[Apidopolous, R. Villa ’ 22], see also [Molitor, Needell, Ward ’ 21]
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(4) Beyond deterministic data models

(xi,y)
n
i=1 ∼ P

n

I δ2 = E
[
(y− E [y | x])2

]
is the noise level

I (xi)
n
i=1 ∼ Px are sample according to the marginal Px

I 〈x, θ∗〉 = E [y | x] and ∃ R : Rd → R s.t.

R(θ∗) 6 r∗
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Implicit regularization: learning edition

θ̂t+1 = θ̂t − γ∇
1

n

n∑
i=1

(〈
xi, θ̂t

〉
− yi

)2

≈ tδ
n

θt+1 = θt − γ∇E
[
(〈x, θt〉− y)2

]

≈ ‖θ∗‖
t

θ†∗ = argmin
θ∈Rd

‖θ‖, s.t. 〈x, θt〉 = 〈x, θ∗〉 , a.s.
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(5) Beyond linear models

I For classi�cation and f(x, θ) one-homogenous in θ
If GD converges, then it converges in direction to the max margin solution

[Nacson et al. ’19]

I Results can be extended to f(x, θ) = 〈σ(·, x), θ〉 =
∫
σ(ω, x)dθ(ω)

[Chizat, Bach ’20]
I f(x, θ) = 〈x, θ〉 with θ = β�L = β� · · · � β︸ ︷︷ ︸

Ltimes

GD on β ⇔ MD on θ
[Amid, Warmuth ’21, Chou, Maly, Rauhut ’22]
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I For classi�cation and f(x, θ) one-homogenous in θ
If GD converges, then it converges in direction to the max margin solution

[Nacson et al. ’19]

I Results can be extended to f(x, θ) = 〈σ(·, x), θ〉 =
∫
σ(ω, x)dθ(ω)

[Chizat, Bach ’20]
I f(x, θ) = 〈x, θ〉 with θ = β�L = β� · · · � β︸ ︷︷ ︸

Ltimes

GD on β ⇔ MD on θ
[Amid, Warmuth ’21, Chou, Maly, Rauhut ’22]
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Wrapping up

I Iterative regularization: merging modeling and optimization
I Inexact optimization meets regularization
I A new playground (. . . )

What’s next?
I Non linear models
I Beyond ERM
I Zeroth-order optimization
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